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Abstract 

A contact-stationary Legendrian submanifold of § 2n+1 is a Legendrian submanifold whose 
volume is stationary under contact deformations. The simplest contact-stationary Legendrian 
submanifold (actually minimal Legendrian) is the real, equatorial n-sphere Sq. This paper de- 
velops a method for constructing contact-stationary (but not minimal) Legendrian submanifolds 
of S 2n+1 by gluing together configurations of sufficiently many U(n + l)-rotated copies of Sq. 
Two examples of the construction, corresponding to finite cyclic subgroups of U(n + 1) are given. 
The resulting submanifolds are very symmetric; are geometrically akin to a 'necklace' of copies 
of So attached to each other by narrow necks and winding a large number of times around § 2n+1 
before closing up on themselves; and are topologically equivalent to S 1 x §" _1 . 
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1 Introduction and Statement of Results 
1.1 Background 

Lagrangian variational problems. A minimal submanifold L in a Riemannian manifold M 
satisfies a classical variational problem, namely that the volume of L is stationary amongst all 
deformations of L. When M is Kahler-Einstein (possessing a Riemannian Einstein metric and a 
compatible symplectic form), then it is has been known for some time that minimal and Lagrangian 
submanifolds of M possess a rich mathematical structure. Moreover, it is possible to pose two very 
natural restricted variational problems in the class of Lagrangian submanifolds of M whose critical 
points are also mathematically quite interesting, and are related in a number of ways to minimal and 
Lagrangian submanifolds. First, one can demand that the volume of a Lagrangian submanifold L 
is stationary with respect to all variations of L which preserve the Lagrangian condition. A natural 
sub-class of variations preserving the Lagrangian condition is the set of Hamiltonian transformations 
generated by all real- valued functions of M. Therefore one can also demand that the volume of 
L is stationary with respect to this sub-class of variations. In the former case, L is said to be 
Lagrangian stationary; whereas in the latter case, L is said to be Hamiltonian stationary. 

The Euler-Lagrange equations for Hamiltonian stationary submanifolds in a Kahler-Einstein 
submanifold are quite simple to write down. Let Hl be the mean curvature vector of a La- 
grangian submanifold L. The Kahler-Einstein condition implies that the one-form Hl-1 lo\ l sat- 
isfies d (Hl = where u> is the symplectic form. Then L is Hamiltonian stationary if in 
addition V • (Hl_\ co\r) = 0, where V- is the divergence operator of the metric of L. Therefore L 
is Hamiltonian stationary if and only if the one-form Hl -\uj\ l is harmonic. 

The stationarity of Lagrangian submanifolds of a Kahler-Einstein manifold M under Lagrangian 
and Hamiltonian deformations has been studied by several authors, most notably Oh |23tl24|. Helein 
and Romon |12 ^ [131 fl~4| . Schoen and Wolfson [261 127j . Oh initially posed the Lagrangian stationary 
and Hamiltonian stationary variational problems and derived the Euler-Lagrange equations above 
as well as a second variation formula. Helein and Romon show that when the M is a 2-complex- 
dimensional Hermitian symmetric space, this mean curvature condition can be reformulated as 
an infinite dimensional integrable system whose solutions possess a Weierstrafi-type representation 
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similar to the Dorfmeister-Pedit-Wu representation for harmonic surfaces in a real symmetric space 
[6]. Moreover, they find all Hamiltonian stationary — and non-minimal — doubly periodic immer- 
sions of M 2 into CP 2 using this representation. They did not address the question of when these 
doubly periodic immersions close up to form immersions or embeddings of tori into CP 2 , though 
the existence of closed configurations is certainly predicted by integrable systems methods. Finally, 
Schoen and Wolfson initiated the study of the Lagrangian variational problem from the geometric 
analysis point of view, treating it as a method for constructing minimal and Lagrangian submani- 
folds as limits of volume-minimizing sequences of Lagrangian submanifolds. The rationale behind 
this approach is their observation that a Lagrangian stationary submanifold of M that is smooth 
must necessarily be minimal (because in this case the mean curvature vector field of L is itself 
the infinitesimal generator of a Lagrangian variation, allowing the volume to be further decreased 
unless the mean curvature vanishes). 

Singularities and Legendrian variational problems. From the work of Schoen and Wolfson 
it has emerged that questions concerning the regularity of limits of volume-minimizing sequences of 
Lagrangian submanifolds are very delicate and that the structure of the singularities of Lagrangian 
stationary submanifolds can be very complicated. Indeed, general structure theorems for these 
singularities (such as classifications) are currently well out of reach and the most fruitful approach 
at the moment is the constructions of classes of examples of Lagrangian stationary, Hamiltonian 
stationary, and minimal Lagrangian submanifolds possessing singularities of various types. 

A class of singularities that is particularly amenable to study is when the stationary Lagrangian 
submanifolds possess an isolated conical singularity. Such a singularity occurs when the stationary 
Lagrangian submanifold L is singular at an isolated point where the tangent cone (in the sense of 
geometric measure theory) is modeled on an actual cone, i.e. the tangent cone C is a complete, 
homothetically invariant, submanifold of Euclidean space having multiplicity one. In this case, C 
is determined by the submanifold A formed by intersecting C with the unit sphere in Euclidean 
space, called the link of the cone. The Lagrangian stationary, Hamiltonian stationary, and minimal 
Lagrangian conditions then translate into conditions satisfied by A. 

To express these conditions, recall the geometric structures of Euclidean space C n+ , which 
is the simplest example of a Calabi-Yau manifold where the metric and symplectic form are the 
standard ones and the holomorphic volume form is £1 = dz 1 A • • • A dz n+1 . If L is a Lagrangian 
submanifold then it can be shown that £1{E\, . . . E n+ i) is a complex number of unit length for 
every orthonormal basis E±, ... , E n+ i for T p L and p G L. Furthermore, the value of this complex 
number is independent of the choice of basis so that the prescription p \— > exp(i0x(p)) defines a 
possibly multi- valued function 6^ on i which is called the Lagrangian angle function [8]. It can 
also be shown that this function satisfies Hl_\ oj\ l = d&L- Hence if L is minimal and Lagrangian 
then ®l = constant and if L is a Hamiltonian stationary submanifold, then A0£ = locally and 
d@i defines a harmonic one-form globally. The unit sphere § 2?l+1 in C n+1 inherits the induced 
metric as well as a contact structure — that is, S 2n+1 possesses a fully non-integrable hyperplane 
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field H called the contact distribution. The hyperplane H p is equal to the orthogonal complement 
of the tangent vector of the Hopf fibration of § 2n+1 obtained by considering all curves of the form 
e ll ZQ where t S [0, 2ir) and zq S 8 2n+1 . Finally if C is a Lagrangian cone in C n+1 then its link 
A := C H 8 2n+1 is a Legendrian submanifold, i.e. an integrable submanifold of H of the largest 
possible dimension. 

The fundamental observations are that if a Lagrangian cone C is minimal then the Legendrian 
link A is minimal; and if C is Lagrangian or Hamiltonian stationary, then A is stationary under all 
variations of A through Legendrian submanifolds. It turns out that this is equivalent to A being 
stationary under all contact structure-preserving variations (a.k.a contactomorphisms) and A is 
said to be contact- stationary. Finally, the Lagrangian angle function of C is also determined by its 
values on A, so that one can define a Legendrian angle function a which is constant when A is 
minimal Legendrian and defines a harmonic one-form when A is contact-stationary. The relation 
between 0a and the mean curvature H\ becomes d©A = H\ j wL n+1 . Thus contact-stationary 
Legendrian submanifolds satisfy the equation V • (i?A-l w| g2 n+i) = 0- 

Minimal and contact-stationary Legendrian submanifolds of § 2ti ~'~ 1 . The study of min- 
imal Legendrian and contact-stationary Legendrian submanifolds of the sphere § 2n+1 is relatively 
recent endeavour, but a certain number of results exist. The simplest case is in dimension n = 1. 
It is clear that the minimal Legendrian submanifolds are contact curves that are also great circles. 
The contact-stationary submanifolds are non-trivial, however. They are the so-called (p, g)-curves 
discovered by Schoen and Wolfson in [27], where p and q are relatively prime integers parameterizing 
these curves. 

In higher dimensions, the situation changes entirely. In dimension n = 2, Yau showed in [291 130] 
that genus zero minimal Legendrian submanifolds of § 5 are trivial; i.e. they are equatorial 2-spheres. 
Moreover, since 2-spheres possess no non-trivial harmonic one-forms, there are no contact-stationary 
Legendrian submanifolds of genus zero that are not minimal. In higher genus, however, the situation 
is quite different. In genus one, a huge abundance of minimal Legendrian tori in § 5 has recently 
been discovered that can be studied using techniques of integrable systems theory [H |9l [22] and 
work has been done to understand the so-called 'geometric complexity' of these torus cones, in the 
sense of Haskins [9]. This latter task is important since Joyce has conjectured that the singular 
minimal Lagrangian submanifolds of C 3 with isolated conical singularities whose cone links have 
the least geometric complexity are those which occur 'most often' in the boundary of the moduli 
space of all minimal Lagrangian submanifolds [15] . There are plenty of contact-stationary, doubly 
periodic Legendrian immersions of M 2 into § 5 : all are lifts of Helein and Romon's examples. But the 
question of which of these close up to form tori is not known explicitly, except for the homogeneous 
tori classified by Helein and Romon. These are the product spheres S (ri) X S 1 ^) x S 1 ^) C C 3 , 
with r\ + r 2 + r 2 = 1 so that they are submanifolds of S 5 , and then taken modulo the Hopf map. 
In higher genus, Wang has constructed minimal Legendrian submanifolds of various genera in §> 5 
using a reflection technique [28J, but these are not everywhere smooth. The question of whether 
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smooth and embedded higher-genus minimal Legendrian submanifolds exist in § 5 has only been 
settled very recently by Haskins and Kapouleas These authors have constructed odd-genus 

minimal Legendrian submanifolds by fusing together multiple copies of Haskins' [/(l)-invariant 
minimal Legendrian tori [10] in a manner analogous to Kapouleas' fusion of Wente tori [T7]. The 
question of the existence of higher-genus contact-stationary Legendrian submanifolds of S 5 is open, 
though in light of Haskins' and Kapouleas' result, the answer is most certainly that these do exist. 

In dimensions n > 3 very little is known beyond the standard examples of the equatorial 
n-spheres and the Legendrian Clifford tori. It seems that none of the techniques available in 
dimension n = 2 carry over to the n > 3 case: there is no integrable systems framework for studying 
the minimal and contact-stationary equations in these dimensions; and the Haskins-Kapouleas 
construction can not be generalized because Haskins' tori are unique to dimension n = 2. A general 
construction which does exist is by Castro, Li and Urbano [5]. These authors have developed a 
'Legendrian warped product' which can be used to combine two contact-stationary Legendrian 
submanifolds contained in lower-dimensional spheres of dimension 2p + 1 and 2q + 1 to form a 
contact-stationary Legendrian submanifold in the sphere of dimension 2(p + q) + 3. 

The purpose of this paper is to develop a method of constructing contact-stationary Legendrian 
submanifolds of §> 2n+1 using a gluing technique starting from the simplest building blocks. That 
is, an approximately contact-stationary Legendrian submanifold will be constructed by forming 
connected sums of simple, minimal Legendrian building blocks; and then this construction will be 
perturbed (by solving the non-linear PDE satisfied by contact-stationary Legendrian submanifolds) 
to yield an exactly contact-stationary Legendrian submanifold. The method is such that the Legen- 
drian angle function Q\ is forced to acquire periods and that the harmonic one-form d@A represents 
a non-trivial element of the first cohomology of A. The exactly special Legendrian submanifold 
that results from the perturbation process can thus never be minimal. 

1.2 The Main Theorem 

Preliminaries. In order to state the Main Theorem to be proved in this paper, it is necessary 
to first introduce some important terminology. The first concept that must be put into words is a 
special way in which two Legendrian submanifolds of the sphere can intersect each other. 

Definition 1. Let A, A' be two Legendrian submanifolds of § 2n+1 . Then A and A' are contact- 
transverse over a Hopf fiber T if the following two conditions are satisfied. 

1. There exists a point p £ A n T and a complex number e ia so that e ia p £ A' n T . 

2. T p Aer p (e- iQ A) = H P . 

The submanifolds A and A' are said to have contact-transverse intersection at p if a = in the 
definition above, so that p G A n A'. 

Definition 2. If A and A' are contact-transverse over a Hopf fiber J 7 , then the number a is called 
the Hopf separation between A and A' over T . 
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A construction needed in this paper is the Legendrian connected sum of two Legendrian subman- 
ifolds A and A' with contact-transverse intersection at a point p. The details of this construction 
will be given in Section 13.41 In the mean time, it suffices to state the condition on the tangent 
spaces T p A and T p A' under which the construction is possible. The condition can be phrased in 
terms of an angle criterion satisfied by the characteristic angles of the direct sum of these two 
tangent spaces. When this angle criterion is satisfied, then there will exist a Legendrian neck that 
can be used to connect A to e 1Q A' in a neighbourhood of p. 

The characteristic angles and the angle criterion can best be described as follows. First, realize 
that Hp is isomorphic to the symplectic vector space C n , and T p A and T p A' are isomorphic to 
Lagrangian n-planes in C ra . It can be shown that for any pair of transversely intersecting Lagrangian 
n-planes IT and LT2 in C n , there exists a Hermitian orthonormal basis E\, . . . , E n of C n and a unique 
set of angles Ok £ (0, n/2] for k = 1, . . . , n — 1 and 9 n G [vr/2, tt) such that 



The existence of this basis follows from standard complex linear algebra and can be found in [7]. 

Definition 3. The angle criterion for the pair of n-planes IT and H2 is that their characteristic 
angles 6±, . . . , 6 n satisfy 8\ + • • • + 9 n = tt. 

Note that the angle criterion need not hold for a general pair of intersecting special Lagrangian 
planes, though it is always satisfied in dimensions n = 2, 3 for numerical reasons. 

The concept behind the construction. The real equatorial n-sphere So = § 2n+1 n(R n+1 x {0}) 
is undoubtedly the simplest minimal and Legendrian submanifold of § 2n+1 that one can conceive. 
The idea behind the construction of this paper is to use Sq and isometric copies of itself as building 
blocks that can be connected together at various points of contact-transverse intersection by means 
of small Legendrian necks to form a long, closed chain of n-spheres having the topology of the 
closed cylinder S 1 x S™" 1 and winding around § 2n+1 . The construction of the Legendrian necks will 
also be carried out herein and is based on the Lawlor neck \18\ [T9] which has already been used in 
connected sum constructions involving intersecting minimal Lagrangian submanifolds [3"1 [20l [2"T]. 

Since each n-sphere is minimal Legendrian, the first hope is that the long chain will be almost 
minimal Legendrian and can be perturbed using a small contactomorphism into an exactly minimal 
Legendrian submanifold. Indeed, a certain limiting subset of the Haskins [/(l)-invariant minimal 
Legendrian tori does have a very similar geometric characterization as the configuration proposed 
above. However, the deformation to a minimal Legendrian submanifold should not be possible for 
the following reason. It turns out that the Legendrian necks have a non-negligible height in the 
Hopf fiber direction. Thus to use such a neck for connecting two spheres with the least error, it 
is actually first necessary to create just the right amount of Hopf separation between them. The 
problem is that the Legendrian angle function of a translate of So by e 1Q along the Hopf fibers is 



n x = span R {£i, . . . 
n 2 = span R {e l6>1 £i, 
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a. Thus if a large number of n-spheres is attached together and the angle function increases by 
a from one sphere to the next, then the angle function can not remain small. Moreover, if the 
long chain of n-spheres winds completely around § 2n+1 and closes up, then the Legendrian angle 
function must acquire a period and cease to be single-valued. One would therefore not expect to 
be able to deform this configuration into a Legendrian submanifold with angle zero. 

The solution is to give up attempting to construct a minimal Legendrian chain of n-spheres and 
instead attempt to construct a contact-stationary Legendrian chain of n-spheres. The angle function 
of such an object must satisfy V • dO\ = so a slowly varying angle function acquiring a period 
around the chain can be incorporated into the construction. And since there are cohomologically 
non-trivial harmonic one-forms on a closed cylinder, one might expect to find solutions. 

The construction of the approximate solution. The Main Theorem of this paper is that the 
concept posed in the previous paragraphs can be realized provided the building block n-spheres 
and Legendrian necks can be assembled in a sufficiently symmetric manner. The first step is to 
construct an approximate solution of the problem via the following three steps. 

1. Choose U £ SU (n + 1) generating a cyclic subgroup of SU(n+ 1) of integer order N. Suppose 
further that So (~l U(Sq) has contact-transverse intersection at the points ±p £ Sq in such a 
way that the tangent spaces at the intersection points satisfy the angle criterion. 

2. Let C := e 2ma l kN for some integer a and large integer k satisfying g.c.d.(a,kN) = 1. 

3. Glue each ((U) s (Sq) to its nearest neighbours by inserting Legendrian necks. 

The resulting submanifold will be denoted by and is a smooth Legendrian, and if U and C 
are chosen properly, also embedded. Each ((U) s (Sq) is connected to exactly two of its neighbours 
in such a way that what is produced is a chain of kN rotated copies of So winding a times around 
8 2ra+1 and eventually closes up. The Legendrian angle function on the part of (££/) s (So) away from 
the necks is almost constant equal to 2ir sa/kN. Hence that angle function increases only in the 
neck regions from one n-sphere to the next; and increases by 2na for every loop around the chain. 



Deforming the approximate solution and the Main Theorem. The means for deforming 
Au,( into a contact-stationary Legendrian submanifold can be sketched as follows. It will be shown 
later how to generate small contactomorphisms starting with functions defined on A-u,C- I n the mean 
time, let 0/ : § 2n+1 — > § 2ra+1 denote the contactomorphism generated by the function / : Ay^ — > R. 
The function / will be selected to satisfy the equation V • (^H^^^ ^ _i daj = 0, in which case 
cj)f(Au^) is a contact-stationary Legendrian submanifold. This equation turns out to be a fourth 
order, nonlinear, elliptic partial differential equation on Ajj^. 

The equation V • (^ / (A (7C ) - 1 = will be solved perturbatively near zero and thus it is 
necessary to study the linearization of this equation at zero, hereinafter denoted Cu£- The ability 
to solve the equations hinges on being able to find a right inverse, bounded above by a constant 
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independent of k, for Cu,C- However, it is a manifestation of a general phenomenon in geometric 
singular perturbation problems that £u,c can have small eigenvalues tending to zero as k —* oo. 
The associated approximate co-kernel constitutes an obstruction to solvability. The eigenfunctions 
with small eigenvalue, called Jacobi fields, have a geometric origin and can be understood in an 
approximate sense: as generators of continuous transformation of Ajj^ that act by £7(n+l)-rotation 
of exactly one of the constituent n-spheres of Aj/£ while leaving all the others fixed. (See |161 
Appendix B] for a proof of this fact.) 

One way to avoid the obstruction described above is to exploit symmetry. That is, if A-u,C 
possesses a group of isometries, then one can deform it equivariantly; i.e. by contactomorphisms 
that are invariant under the isometries. If the group of isometries is so large that there are no 
Jacobi fields invariant under all isometries of A-u,c a ^ once ) then equivariant deformation has the 
effect of eliminating the Jacobi fields. This is precisely the setting of this paper, where the Main 
Theorem that will be proved is the following. 

Main Theorem. LetAjjt be the approximately contact- stationary Legendrian submanifold o/S 2n+1 
constructed above. IfU is chosen appropriately, then there exists ko so that if k > ko, then there is a 
small contact deformation ofAjj,^ into a contact- stationary Legendrian submanifold Ajj^ possessing 
the same symmetries as A.uc- Finally, Aj/r is embedded whenever Ay^ is. 

Two examples of SU(n + l)-rotations to which this theorem applies are given in Section f4.ll 
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project, and to acknowledge my colleagues at the University of Toronto for making this possible. 
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2 Geometric Preliminaries 

2.1 Riemannian Contact Manifolds 

Contact structures. A contact structure on an odd-dimensional manifold M 2n+ is a hyperplane 
field H on M, which is fully non-integrable in the sense of the Frobenius theorem. A 1-form a on M 
whose kernel at p G M is the contact hyperplane H p C T p M is called a contact form and full non- 
integrability can be expressed via the requirement that a A (da) An ^ 0. In turn, this relationship 
ensures that da is a non-degenerate, skew-symmetric 2-form on each contact hyperplane — in 
short, a symplectic form. The local structure theorem in contact geometry is Gray's Theorem: it 
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asserts that every contact manifold is locally diffeomorphic to R 2ri x R with coordinates (x, y, t) 
and a 'standard' contact form such as 

a := dt + - ^2 (^dy* ~ y k dx k ^j or a := dt - ^ y k dx k . 

k=l k=l 

Note that a(J^) = = 1 an d da = da' = ^fe=i da? fc A dy k is the standard symplectic form 

of R 2ri . These are the defining features of a 'standard' contact structure. Gray's Theorem is the 
analogue of the Darboux Theorem of symplectic geometry. 

A contact manifold M possesses a canonical non-vanishing vector field called the Reeb vector 
field defined by the requirement that R_i da = and a{R) = 1. For example, the standard 
contact structures of R 2n+1 have Reeb vector field R := J^. Denote by \p] the integral curve of 
the Reeb vector field passing through p. The set of all integral curves of the Reeb field is called 
the characteristic foliation. When [p] is a smooth, 1-dimensional embedded submanifold for every 
p G M, then the space of fibers is a smooth manifold M = {[p] : p G M}. The canonical projection 
7r : M — > M is a submersion such that Ker((7r*) p ) = span(i? p ) and 7r*(S p ) = T^M at any p G M. 
Furthermore, one has a canonical lifting process A p : T^M — > T p M for any p G 7r _1 ([p]) by defining 
A p (X[ p ]) to be the unique vector in E p satisfying 7r*(A p (X|^])) = X^y As a result, whenever 
a structure on M is given that is equivariant with respect to the Reeb fibration, one obtains a 
similar structure on M. For instance, M is a symplectic manifold because one can show that da is 
equivariant and the prescription u>(X, Y) := da(X p (X), X P (Y)) for any pair of vector X, Y G T^M 
yields a well-defined symplectic form satisfying tt*lo = da. 

The diffeomorphisms of M that preserve the contact structure are called contactomorphisms. A 
contactomorphism <f> must preserve the kernel of a, so that 4>*a = e F a for some function F : M — ► R. 
Thus if a one-parameter group of contactomorphisms of M is generated by a vector field X, then 
Lie differentiation shows that X must satisfy d(X _i a) + X j da = -Fa. One deduces that there is 
a function u : M — > R so that X := A u satisfies 

a(A u ) = -u and A" u j da ^ = — dn . (1) 

The vector field X u is the contact Hamiltonian vector field generated by u. Note that if u is Reeb- 
equivariant, then u descends to a function u : M — > R and 7r*(X n ) is the Hamiltonian vector field 
of M generated by the function u. Conversely, Hamiltonian vector fields of M can be lifted to 
equivariant contact-Hamiltonian vector fields of M. Moreover, if <p l is the one-parameter group 
of contactomorphisms generated by u and 0* is the one-parameter group of symplectomorphisms 
generated by u, then it is straightforward to check that is Reeb-equivariant and 7ro0*(p) = $*([p]) 
for all p G \p\. When the circumstance described here holds, one says that covers ft. 

Suppose that A C M is an integral submanifold of E (i.e. T p A < E p for every p G A), then the full 
non-integrability condition implies that da| A = 0. But since da is a symplectic form on each contact 
hyperplane, the tangent spaces of A are isotropic subspaces of the contact hyperplanes and hence 
their dimension can be no larger that n. An integral submanifold of E with this maximal dimension 
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is called a Legendrian submanifold. It is easy to see that any Legendrian submanifold of M projects 
under it to a Lagrangian submanifold of M. Conversely, if L is any Lagrangian submanifold of M, 
then each of its tangent spaces can be lifted to a family of subspaces of H. If X and Y are two 
tangent vectors of L, then the calculation a([X(X), A(Y)]) = — da(\(X), A(Y)) = U)(X,Y) = 
shows that the sub-distribution of 3 formed in this way is integrable in the sense of the Frobenius 
theorem. The integral submanifolds of this sub-distribution are a family of Legendrian submanifolds 
of M projecting onto L under tt. 

There is a great abundance of Legendrian submanifolds in R 2n+1 with the contact structure a 
which are graphs of functions. The following proposition describes these fully. 

Proposition 4. LetU = M n x{0}x{0} CR 2 "xM with Lagrangian projection [II] = M n x{0} C R 2n . 

1. Suppose L is a Lagrangian submanifold ofR 2n that is graphical over [II]. Then there exists a 
function f : R n ->R so that L = L f where L f := {(x,Vf(x)) : x € R n }. 

2. Furthermore, L can he lifted to the family of graphical Legendrian submanifolds At c in R 2n x R 
where A /)C := {(x,V f(x),2f(x) + YZ=l + c) : x £ 1"}. 

3. If A is a Legendrian submanifold in R 2n x R that is graphical over II then there exists c£K 
and f : R n -> R so that A = A/ )C . 

A consequence of this result is that Gray's Theorem now implies that Legendrian submanifolds of 
an arbitrary contact manifold M come in great abundance, at least locally, since any sufficiently 
small neighbourhood of M can be endowed with coordinates in which the contact structure has the 
standard forms above. 

A final result about Legendrian submanifolds is called the Legendrian Neighbourhood Theorem 
and it asserts that there is a contactomorphism between a tubular neighbourhood of any Legendrian 
submanifold A C M and a tubular neighbourhood of the zero section in T*A x R endowed with 
its canonical contact form dt — a, where a is the canonical one-form of T* A. Thus any nearby 
Legendrian submanifold A' that is graphical over A, when pulled back under this contactomorphism, 
is the one-jet of a function on A. One can conclude from this the important fact that Legendrian 
deformations of A (i.e. deformations of A through Legendrian submanifolds via a one-parameter 
family of contactomorphisms) are generated by functions on A. 

Sasakian geometry. An odd-dimensional manifold M equipped with both a contact structure 
and a Riemannian metric, compatible with each other in the nicest way, is known as a Sasakian 
structure on M. A manifold with a Sasakian structure is the most general possible arena in which 
to envisage the equations studied in this paper. There are several ways of defining a Sasakian 
structure, the most germane of which is essentially taken from [2], with a few modifications and 
additions to suit the needs of this paper. 
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Definition 5. Suppose M is an odd-dimensional manifold that carries a Riemannian metric g and 
a Killing field R of constant length 2. Define the endomorphism J G End(TM) by J(X) = ^Vx-R 
(so that J(R) = 0). Then (5, R, J) is a Sasakian structure for M if the following condition is met: 

(VxJ)(y) = ^ y)x - <?(x, 

for all vector fields X, Y on M. If the metric of M is Einstein and satisfies Ric 9 = 2ng then M is 
said to be Sasaki- Einstein. 

Remark: The factor of 2 is unnecessary, but makes the definition compatible with the standard 
contact form of S 2n+1 . 

Immediate consequences of the definition are the following. 

Theorem 6. Suppose M carries the Sasakian structure (g, R, J) and let a = g(R, •) be the metric 
dual one- form of R. 

1. The one-form a is a contact form whose contact structure E := Ker(a) is orthogonal to R 
and has Reeb vector field equal to R. 

2. The characteristic foliation of M consists of geodesies and the metric g is Reeb-equivariant. 

3. The endomorphism J is skew- symmetric, Reeb-equivariant, preserves S, and satisfies 

da(X,Y) = g(JX,Y) 

for all vector fields X, Y on M. Furthermore, J 2 = —I + R® a where I is the identity. 

4- The Riemann curvature of g satisfies Riem 9 (X, R)Y = g(X,Y)R — g(R,Y)X for all vector 
fields X, Y on M. 

From now on, suppose that the characteristic foliation of M consists of smooth, 1-dimensional, 
embedded submanifolds; in this case the Sasakian structure of M is said to be regular and the 
fiber space M is once again a smooth manifold of dimension In. The canonical lifting process 
described earlier induces two additional structures on M that come from equivariant structures of 
M, namely a metric g defined by g(X,Y) := g(X(X), X(Y)) as well as an endomorphism J of the 
tangent spaces of M defined by J{X) = 7r* o $ o X(X). 

Theorem 7. Suppose (M, g, R, J) is a Sasakian manifold and let M be the fiber space of its char- 
acteristic foliation. Let (g,co,J) be the structures on M defined above. 

1. (M,g,il>, J) is a Kahler manifold of dimension 2n. 

2. If M is Sasaki-Einstein, then M is Kahler- Einstein with Ricci curvature Ric^ = (2n + 2)g. 
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If a contact manifold M possesses a Sasakian structure, then one can ask how the intrinsic and 
extrinsic geometry of its Legendrian submanifolds compares with that of their Lagrangian images 
under projection to the fiber space M. The next theorem uses classical facts about Riemannian 
submersions [25j to answer this question. Denote by Bv,w the second fundamental form of a 
submanifold V in an ambient manifold W. 

Theorem 8. Suppose M is a Sasakian manifold and M is its fiber space. If A is a Legendrian 
submanifold of M that projects onto a Lagrangian submanifold [A] C M under tt, then the following 
are true. 

1. The projection 7r| A : A — > [A] is a local isometry when A and [A] are given their induced 
metrics in M and M respectively. 

2. The second fundamental forms of A and [A] satisfy 



for all X,Y tangent to A and X,Y tangent to [A]. 

An important conclusion to be drawn from this theorem is that any minimal and Legendrian 
submanifold of M projects isometrically to a Lagrangian submanifold of M that is minimal; and any 
minimal and Lagrangian submanifold of M lifts isometrically to a family of Legendrian submanifolds 
of M that are all minimal. 

Contact stationary Legendrian submanifolds. In a Sasakian manifold, one can consider 
the variation of the volume of a Legendrian submanifold A with respect to a restricted class of 
variations, namely the contact deformations of A. The Euler-Lagrange equation of this variational 
problem is given in the following theorem, in essence proved by Schoen and Wolfson [26J. 

Theorem 9. Let A be a Legendrian submanifold of a Sasakian manifold M . If the volume of A 
is stationary with respect to all contact deformations of A, then V • (i?A-lda| A ) = 0, where Ha is 
the mean curvature of A. 

Proof. By Theorem [8] and the fact that contact deformations of a Legendrian submanifold A of M 
cover symplectic deformations of A in M, it is sufficient to perform the calculation in the fiber space 
M. Without loss of generality, let <p u be a symplectomorphism generated by a function u : [A] — > R 
with Hamiltonian vector field X u = JVu, and let [At] = ^>t u ([A]). Then 




and 





(2) 



by Stokes' Theorem. Note: formula (|5J) is called the first variation of volume. 



□ 
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The contact-stationary submanifolds of M are denned as the stationary points of the Euler- 
Lagrange equation determined in Theorem [9l 



Definition 10. Let A be a Legendrian submanifold of a Sasakian manifold M. Then A is called 



deformation of an approximate solution Ao- In a Sasakian ambient manifold, one has the notion of a 
normal deformation] in other words, the infinitesimal vector field of the deformation is everywhere 
normal to A. A procedure for generating normal contact deformations from functions on A will be 
elaborated in a later section of this paper; it amounts to extending u off A in a canonical way and 
integrating the contact Hamiltonian vector field defined by ([I]). If u : A — » R is a sufficiently small 
function (in a C 1 norm) then the contact Hamiltonian vector field can be integrated up to time 
one. Denote the time-one contactomorphism simply by <j> u . Since the deformation <f> u depends on 
the first derivatives of u and finding the divergence of the mean curvature of 4> U {A) takes another 
three derivatives, the operator 



is a non-linear, fourth-order, partial differential operator. The following terminology for this oper- 
ator will be used from now on. 

Definition 11. The contact- stationary Legendrian deformation operator of the Legendrian sub- 
manifold A is defined to be the operator $a : C 4 '^(A) — ► C°'^(A) given in equation (|3"j). 

Another important definition is of the linearization of $a at f ■ 

Definition 12. The linearization of 3>a a t / is the linear operator defined by the prescription 
u i — > ^ < 1 > a(/ + tu)\ t=Q . It will be denoted D$a(/)('«) or C\ if / is clear from the context. 

This linear operator will now be calculated at / = in the general context of Sasakian geometry. 
Einstein summation convention is used where necessary below: i.e. repeated indices are summed, a 
comma denotes partial differentiation, a semi-colon denotes covariant differentiation with respect to 
the induced metric of A, indices are lowered and raised with this metric and its inverse, respectively, 
and so on. The calculation proceeds in two steps. 

Proposition 13. Let A. be a Legendrian submanifold of a Sasaki-Einstein manifold M and suppose 
4> u : M — > M is a normal contact deformation generated by a function u : A — > K. The infinitesimal 
variation of the mean curvature tensor of A is given by 



contact- stationary if V • (.Ha J d"| A ) = 0. 

In this paper, a solution of the equation V- (-Ha -I da . ) =0 will be found in which A is a contact 




(3) 




(4) 



where At = ^tu(A) and A a is the Laplace operator of A. 
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Proof. According to Theorem [8j it is sufficient to calculate the infinitesimal variation of the mean 
curvature of the projected Lagrangian submanifold [A] in the fiber space M. Moreover, it is easy 
to see that there is a one-parameter family of symplectomorphisms <j) 1 : M — > M such that <j>t u 
covers <jr in a tubular neighbourhood of [A], and that the Hamiltonian vector field X is normal to 
[A] with X = JVtt along [A] , where V is the induced connection of [A] . 

One begins by identifying a good local frame with which to perform the calculations. Let 
Ex, ... , E n be a Riemannian normal coordinate frame for [A] centered at a point [p] G [A]. Extend 
these vectors by parallelism to a neighbourhood so that the vectors E±, . . . ,E n , JE\, . . . , JE n span 
the tangent spaces of M there. In this frame, the components of the second fundamental form Bm 
and mean curvature Him are 

B ijk = g(V Ei Ej, JE k ) and H k = h^giV^Ej, JE k ) 

where V is the ambient connection of M and h kl are the components of the inverse of the induced 
metric h of [A], whose components are h k i = g(E k ,E[) = g(JE k , JE{) because J is an isometry. 
Note that Bij k is symmetric in all its indices. 

The time derivative of the components H k will be computed at the point [p] itself, where the 
Christoffel symbols of h vanish, partial differentiation and covariant differentiation coincide, and 
therefore V Ei Ej = B i - k JEf c - Recall that it is possible to assume VxEi = V^A, so that 



dt k 



= X{W)g{V Ei E 3 , JE k ) + h^Xg(V Ei Ej, JE k ) 

t=o 

= 2B ijk B^ l U]l + ^(g&xVEiEj, JE k ) + g(V Ei Ej, JV x E k )) 
= h ij {g(V El V E ,X, JE k ) + w l RieuigiEi, 3E h E h JE k )) 

- H l B lk m u m + ■2l!, jL .ir ! ll , (5) 

since V Ek X = JV Ek Vu = u. k l JEi — w l B kl m E m . Here Riem^ is the Riemannian curvature tensor 
of M. Calculate the remaining term containing X as follows: 

g(V Ei V Ej X, JE k ) = g{V El V Ej Vu, E k ) 

= Eig(V Ej Vu + B [A] (Ej,Vu),E k ) - g(Vu + B [A] (Ej,Vu),V Ej E k ) 

= h(V Ei V Ej Vu,E k ) - giBwiE^VulBwfaEk)) 

= u-,kij - Bj lm B ik iu. m (6) 

Finally, perform the following manipulation on the Riem§ term. Start by adding and subtracting 
exactly the quantity required to yield the full Ricci curvature of M. That is, 

h ij Riemg(Ei, JE h E h JE k ) = h ij mem g (Ei, JE h E h JE k ) + h ij Riemg( JE h JE h JEj, JE k ) 

- h ij Riemg(JEi, JE U JE j: JE k ) 
= (2n + 2)h kl - WBiemaiEi, E h Ej, E k ) . (7) 
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Complete the calculation by applying the Gaufi equation, which reads 

h^Riem^Ei, Ei,Ej,Ek) = R k i — H m B m ki + B k mn Bi mn , (8) 
where Rki are the components of the Ricci tensor of A. Substituting ©, ([7]) and (JS} into ([5]) gives 

A A (u ;fc ) - u-iR l k - (2n + 2)u. k = (A A u). fc - (2n + 2)u- k . 



dt Hk 



t=o 

This is the desired formula. □ 

Corollary 14. Let A be a Legendrian submanifold of a Sasaki-Einstein manifold M and suppose 
4> u '■ M — > R is a normal contact deformation generated by a function u : A — > R. T/ie infinitesimal 
variation of the divergence of the mean curvature tensor of A is given by 

d_ 
dt 



V • ( H/\ t j da 

t=o 



= A A (A A u + (2n + 2)u) +Q A (n) (9) 
where At = ^ U (A) and Qa operator given by Q\{u) = 2 (V • B\)(H\,S/u) — (H\ • V) 2 u. 



Proof. Compute the time derivative of h 13 Hi-j = h l3 {Hi^ — H S T^) in terms of the derivatives of h lJ 
and r|- in the same way as above. □ 

Remark: Observe that the full symmetry of B\ in all its slots implies that the operator Q\ is 
self-adjoint, as one would expect. 

A standard fact about the linearization of the contact-stationary Legendrian operator is that 
one-parameter families of isometries that are also contactomorphisms (which shall be called contact 
isometries) produce elements in the kernel of its linearization. 

Corollary 15. Suppose (jA : M — > M is a one-parameter family of contact isometries of M 
generated by a function f : M — ► R. If A is a Legendrian submanifold of M then D$ A (0)(/| . ) = 0. 

Proof. Since cj)^ preserves the mean curvature and induced metric of Legendrian submanifolds, it 
is necessarily the case that the divergence of the mean curvature of 0y(A) is constant. Hence 

d 
dt 



t=o 



V- ( H^ (A) _ida 



0. 

<#(A)/ 



Without loss of generality <jr* can be replaced by <f>% when t is small, where / is some extension 
of the function / . that generates a normal contact deformation whose infinitesimal deformation 
satisfies Xf = JV/| A on A. Consequently D$ A (0)(/| A ) = 0. □ 

Remark: A one-parameter family ^ of contact isometries preserves both the induced metric of A 
and the mean curvature of A. Hence it is actually true that both (A A + 2(n + 1))(/L) = constant 
and Qa(/L) = which together imply D$ A (0)(/L) = 0. 
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2.2 The Geometry of the Unit Sphere 

Geometric structures. The Calabi-Yau structure of C™ +1 consists of the standard Euclidean 
metric S, the standard symplectic form loq and the standard complex structure Jo satisfying 
uq(X,Y) = 5(JqX,Y), as well as the canonical holomorphic volume form Q := dz 1 A • • • A dz n+1 . 
The Calabi-Yau structure of C™ +1 induces a Sasaki-Einstein structure on S 2n+1 . First, denote the 
position vector field by 

p : = E [fd^ + yk d^) = E {f~d^ + ^ap) ' 

given both in real and complex coordinates. Then the relevant objects are the following. 

• The metric is the standard metric of the sphere, induced from the ambient Euclidean metric. 

• The contact form is 



j n+l ra+1 



k=l k=l 
so that da = Wo|§2n+i- 

• The Reeb vector field is R := 2JqP so that the contact structure is E p := (span(JoPp))" 1 " for 
every p £ § 2n+1 . 

• The endomorphism J is defined to equal Jo on E and to vanish in the Reeb direction. 

The characteristic foliation of § 2 ™ +1 as a Sasakian manifold coincides with the Hopf fibration and 
the fiber space of 8 2n+1 coincides with the Kahler manifold CP™. Furthermore, the Reeb projection 
coincides with the Hopf projection tth ■ S 2n+1 — > CP™ which is the Riemannian submersion of the 
sphere onto CP™ with the Fubini-Study metric. To see all this, recall that CP™ is the space of 
complex lines in C" +1 . Thus CP™ is the orbit space of the action of multiplication by non-zero 
complex numbers restricted to the sphere, i.e. the S 1 action 9 ■ p := e l6 p for p £ S 2n+1 . But the 
differential of this action is ^ (6 ■ p) | e _ Q = ip which is exactly the value of the vector field JP at p 
(in complex coordinates). Hence the orbits of the action coincide with the characteristic foliation. 

Contact isometries of the sphere. The isometries of § 2 ™ +1 that preserve the Sasakian structure 
derive from the complex structure-preserving isometries of Euclidean space, namely the U(n + 1)- 
rotations. The one-parameter subgroups of U(n + 1) will play a crucial role in the sequel. 

Let U l be a one-parameter subgroup of U (n + l)-rotations with U° = Id and recall the following 
facts. There is a Hermitian matrix H so that U l = exp(i/Jt). Also, ?7* is a one-parameter family 
of symplectomorphisms of C™ +1 whose Hamiltonian vector field is given by Xh(z) := \Hz for any 
z G C™ +1 . The Hamiltonian function associated to Xh is the Hermitian, harmonic, homogeneous 
polynomial of degree 2 given by qn(z) := z*Hz. Moreover, XJ l restricts to a contactomorphism of 
g2n+i con t ac t vector field Xh and contact Hamiltonian equal to the restriction qn\^2 n +\- 
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Since [/(n + l)-rotations of 8 2n+1 are both isometries and contactomorphisms, every minimal or 
contact-stationary Legendrian submanifold remains Legendrian under continuous U(n+ l)-rotation 
and the mean curvature is unchanged. By Corollary [T5l one has Ca{qh\j\) where Ca is the lineariza- 
tion of the contact-stationary Legendrian deformation operator. Hence the kernel of this linearized 
operator is always non-trivial. 

The following explicit specification of the generators of U(n + 1) and their associated Hermitian, 
harmonic, homogeneous polynomials of degree 2 on C n+1 will be needed in the sequel. A basis for 
the set of complex (n + 1) x (n + 1) Hermitian matrices is given by: 



I :-. 



Ho 



\ 



V 



fo 



\ 



which are the real, diagonal matrices; along with 



V 



H 



which are the symmetric matrices having 1 in the j th row and k th column, and the anti-symmetric 
matrices having i = \J — 1 in the j th row and k th column. Their associated polynomials are: 



s 1 2 



n+1 



s 1 2 



Qj (z) := z*H jZ = \z j \ 2 -\z n+1 \ 2 



(10) 



q (z) := z*Iz = I 
q\{z) := z*H\z = n|z x | 2 — 

for j = 2, . . . , n 

QRE,jk(z) ■= z*Hj k z = 2Ke(z j z k ) for 1 < j < k < n + 1 
qiu,jk(z) := z*H' jk z = 2Im(z j z k ) for 1 < j < k < n + 1 . 

3 The Legendrian Connected Sum Procedure 



The present section of the paper describes the Legendrian connected sum procedure that will be 
used to connect a chain of minimal Legendrian U(n + l)-rotated n-spheres together. What will be 
presented here are the technical details of the procedure; concrete examples of initial configurations 
of n-spheres to which the procedure can be applied will be presented in Section [H Thus for 
the moment consider a single n-sphere So and two neighbouring n-spheres Si := Ui(Sq) and 
S2 := ^(So) with the following properties. There is a small c S (0, 2tt) so that So and Sj have 
Hopf separation c at the point pj; and the tangent spaces T Pj S and T Pj ^~ l > lc Sj are transverse 
and satisfy the angle criterion. The points p\ and P2 are the gluing points on So- Note that the 
Hopf separation between So and Si is equal but opposite to the Hopf separation between So and 
S 2 . Without loss of generality S := M n+1 x {0} n S 2n+1 . 
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3.1 Preliminary Perturbation of the re-Spheres 

In order to connect Sq to Si and 52 at the gluing points with the best possible estimate of the mean 
curvature of the connected sum, it is first necessary to deform these re-sphere in a canonical manner. 
The point is to 'prepare' them for the connected sum operations by giving them a catenoidal 
shape near the points of connection. To this end, let e be a small, positive number (which will 
depend on c in a manner to be determined below) and choose the unique distributional solution 
Go : So\{pi,p2} — > M of the equation As(Go) = 5i — 82 satisfying J Sq Go = 0, where 6j is the Dirac 
(5-mass at pj and A5 is the Laplacian of the induced metric of So- Choose similar functions for each 
Sj, but using the gluing points where Sj is to be connected to its two neighbours (one of which 
is So). Henceforth consider only So and the function Go since the analysis on the neighbouring 
re-spheres is the same. Note that 

(_l)i+i 



G (x) 



[dist(x, Pj)] n 2 ^ ^ 



■iyiog[dist(x,p 3 -)] + o(i) 



(11) 

n = 2 



in a neighbourhood of each pj. 

The idea is now to replace each So by a Legendrian perturbation of Sq generated by e n Go- The 
way to do this is fairly simple and depends on the fact that the intersection of a Lagrangian cone 
in C n+1 with § 2ri+1 is a Legendrian submanifold. Let Gq : R n+1 x {0} — ► K denote the degree-two 
homogeneous extension of Go to the (re + l)-plane containing So, namely the function defined by 
Gq(x) := ||x|| 2 Go(2;/||a;||) for x € R n+1 x {0}. Therefore the submanifold 



Pert £ (S ) := {(x,£ n VG (x)) : x £ R n+1 } , 

where V denotes the Euclidean gradient, is Lagrangian and a cone; and thus intersecting with 
§2n+i yjgidg a Legendrian submanifold. 

Definition 16. The preliminary perturbation of Sq with parameter e is the Legendrian submanifold 



Pert £ (S ) := Pert £ (S ) n S 2n+1 . 

The induced metric and second fundamental form of So are trivial (i.e. the standard metric 
and zero, respectively) and this changes when So is replaced by Pert £ (So)- But if e is sufficiently 
small, then the geometry of Pert £ (So) changes only slightly, and this is true even relatively near 
to the gluing points. The purpose of the following proposition is to quantify this statement. The 
key to deriving the following results is to exploit the relationship between a geometric object on 
Pert £ (So) and the corresponding geometric object on Pert £ {So)- Also || • H^fc/^ denotes the so- 
called scale-invariant norm on a neighbourhood O in which the j th derivative is weighted by the 
factor r J where r := diam(0). 

Proposition 17. Let ro denote a radius so that (|lip is valid inside B r (pj) and set S' := Pert £ (So)\ 
[B ro (pi) U B ro (p2)~\ ■ Then the following estimates for geometric objects on Pert £ (So) hold. 
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The second fundamental form satisfies the estimate 

\\B\\* CHBr(pj)) < VrG(0,r ) and \\B\\ C 2 {s/) < Ce n . 



• The mean curvature satisfies the estimate 

|V • H\* cl(Br(pj)) < V r G (0, r ) and | V • F| cl(5 , } < Ge 3 " 

\\H\\h{B r{P] )) ^ C ^T and W H WcHS>) < Ce n . 

• The Laplacian satisfies 

Ce 2n 

|A(u) - As(u)\* cl{Br(pj)) < -^\ u \* c2{Br{pj)) Vre (0,r ) 

and 

|A(u) - A s {u)\ c i {s/) < Ce 2n \u\ c2{sl) 
where As is the Laplacian of the standard n-sphere. 
Proof. Let h, V, A, B and ^ denote the induced metric, covariant derivative, Laplacian, second 



fundamental form and mean curvature of Pert e (So) while h, V, A, B and H denote the same things 
for Pert £ (So). For typographical convenience, set G := e n Go and G := e u Gq. 

Simple computations show that on Pert £ (So) the induced metric is hij := 5ij + J2 S G >s iG >s j, the 
Christoffel symbols are := J2 S G,ij s G yS k and the components of the second fundamental form 
are B^ := G^. Thus the inverse of hij equals the identity plus 0(||V 2 G|| 2 ) terms so that 

\\V k B\\ = 0{\\V 3+k G\\) , 

all other terms being smaller. Also, 



V • H = h kl h ij (B 



ijk);l 

;||V 2 G|| 2 )] [^ + 0(\\V 2 G\\ 2 )] [G, ljH -2G, sjk r s u -G, Js r s kl ] 

2/^112 II ^74/^11 \ i /n/ 1| vtS/^ii 2 1| V72/ 



= 0(||V 2 G||iV 4 G||) + 0(||V d G|| 2 ||V 2 G||) . 

This is because 5 kl 5 l i G ^jki = A(AG) where A is the Euclidean Laplacian, and the choice of G 
implies A(AG) = ppA(A + 2(n + 1))(G) = 0. An estimate of follows in a similar way to the 
previous two estimates, and yields 

||ff||=0(||VG||). 

This is not quite as good as before because the leading term in the expansion of \\H || is the derivative 
of the Laplacian of the function G, which is the derivative of G. Finally, 

A(u)-A(u) = h i i[u ij -u s T s ij ] 
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= 0(||V 2 G|| 2 ) • V 2 u + 0(||V 3 G|| • ||V 2 G||) • Vu 
where 0(*) ■ denotes a linear operation on tensors with coefficients bounded by 0(*). 



Now using the homogeneity of G and the fact that Pert £ {So) is a cone over Pert e (So), one can 
replace ||V fc G|| by £*= ||V S G|| to obtain expressions valid on Pert £ (So). Substituting G = e n Go 
and using (fTT|) then yields the desired result. Higher derivative estimates follow in the same way. □ 

3.2 Normal Coordinates for E> 2n+1 

In order to proceed with the Legendrian connected sum procedure, canonical coordinates for § 2n+1 
near the gluing points are needed in which all the relevant structures have an extremely simple form. 
These coordinates will be called Legendrian normal coordinates and are defined by first constructing 
a 'standard' coordinate map and then transplanting it to a neighbourhood of a desired point p by 
means of an SU(n + l)-rotation. 

Endow C n+1 with coordinates z := (z°,z') where z' := (z , . . . , z n ) and define the half-space 
H = {z G C n+1 : Re(z°) < 0}. Next, endow C n with coordinates (w 1 , . . . ,w n ) and let #i(0) C C n 
be the unit ball. Define the map K : Bi(0) x (-vr,7r) -> S 2n+1 \ H by := e u (f(w), w) , 

where / : C n — > R is given by /(to) := (1 — ||u>|| 2 ) 1//2 . Then ii' is invertible and the inverse is 
given by K~ l (z) = (e -iarg ^°)z', arg(2 )) . This is the 'standard' map which is essentially graphical 
projection from the contact plane at eo into § 2n+1 followed by motion along the Hopf fiber. 

Now let p S S 2n+1 be any point and suppose II is any Legendrian n-plane in T p 8 2n+1 . Let 
eo, ei, . . . , e n be the standard basis of C n+1 and choose V Pj n E SU(n + 1) taking eo to p and the 
real linear span of e\, . . . , e n to EL Note that V Pt u is unique up to orthogonal transformations and 
has the property that the contact hyperplane at eo (which is the complex linear span of e\, . . . , e n ) 
is mapped to the contact hyperplane at p and the Reeb direction at eo (which is the real line 
spanned by ieo) is mapped to the Reeb direction at p (which is the real real line spanned by ip). 
The transformation V Pt u allows the map K to be transplanted to the point p in a manner adapted 
to EI. Composing these maps leads to the desired coordinates. 

Definition 18. The Legendrian normal coordinate chart at p £ § 2n+1 adapted to the Legendrian 
n-plane EI C T p S 2n+1 is the map 

^ P ,n : § 2n+1 \ V PiIl (H) - fli(0) x (-7r,vr) 

defined by ip Pt n := K~ l o V~^. 

The properties of Legendrian normal coordinates that will be used in the remainder of this 
paper are gathered in the following propositions. Denote the set S 2n+1 \ V Pt uCH) by Tt Pt n. Endow 
C n with the standard symplectic structure u>q = ^ S A dw k and endow C n x R with the contact 
structure defined by the contact form «o = ^dt + o~o where o~o = i Yl (w k dw k — w k dw k ). Note 
that ujq = do"o. Finally, define the projection ttq : C n xR-> C n by ttq(w, t) = w, and for each c£l 
define the injection i c : C n — ► C n x R by i c {w) = (w,c). The proof of the next proposition is just 
straightforward calculation and diagram chasing. 
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Proposition 19. Suppose p 6 § + is and II C T P E> + is Legendrian n-plane. The Legendrian 
normal coordinate chart Vv,n : ^p,n — * Bi(0) x (— tt,tt) at p has the following properties. 

1. The map ip p u '■ (S 2n+1 ,a) — ► (C n x R, ao) is a contactomorphism. 

2. If A is a Legendrian submanifold tangent to the n-plane e lc II at e lc p then ^> P) n(A) is a Leg- 
endrian submanifold of C™ x R tangent to the plane 1" x {c} at (0, c) . Moreover, ip Pt u takes 
U(n + 1) -rotated Legendrian n-spheres passing through e lc p to Legendrian n-planes passing 
through (0, c). 

3. The map ^[p],[n] : (CP™, a)) — > (C n ,tJo) defined by ^[ Pi n] := (""if ° V^n *o) 1 *s « symplecto- 
morphism and the diagram 

H pA C (§ 2n+1 ,da) (C n x R,da ) 

(12) 

[W P ,n] C (CP n ,w) -^U (C»,«o) 
commutes. The indicated differential forms correspond under pull-back by the appropriate 
mappings. 

4- Let g be the induced metric of § 2n+1 and g be the Fubini-Study metric of CP n ; and let go := 
{ipp\)*g and go := ('fei Nu)*i? ^ e the corresponding pull-back metrics. Then 

vtq: (C"xi l9 o) -> (C",go) 

is a Riemannian submersion. Moreover, these metrics are given by 

g = dt 2 + 8 + d/ (8) d/ + 2(dt cr + oo (8) di) 

5o = <5 + d/ (g) df - 4cr ® a 
where 5 is the Euclidean metric of C n . 

It will be necessary to estimate quite precisely the intrinsic and extrinsic geometry of a Legen- 
drian submanifold A in C™ x R with respect to the induced metric go. A consequence of Lemma 
[8] is that the necessary estimates can be gotten by estimating [A] C C™ with respect to the met- 
ric go, which amounts to a significant simplification since go is much simpler than go. A further 
simplification becomes available if the Lagrangian projection of the submanifold to be estimated 
in this way is contained in a very small neighbourhood of the origin. This is because go is in 
Riemannian normal form at the origin (namely (go)ij = o~ij and (go)ij,k = at the origin, for 
all i,j,k) by virtue of the fact that g = 5 + Q where the coefficients of the tensor Q satisfy 
\Qij(z)\ + \\z\\ \Qij t k( z )\ + \\ z \\ 2 \Qij,ki( z )\ = 0(\\z\\ 2 ). Thus one would expect that the geometry of 
[A] with respect to the metric go is uniformly close to the geometry of [A] with respect to 5. The 
following proposition makes this idea rigorous. The following notation will be used: H g , B 9 , V 9 , 
A 9 , (-, -) g and || • \\ g denote the mean curvature, second fundamental form, covariant derivative, 
Laplacian, inner product and norm induced by a metric g. 
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Proposition 20. There exists a small vq > so that the following holds for all < r < tq. Let 
A : O —* C n 6e a Lagrangian embedding of a neighbourhood O C M n si/c/i £/iat A(0) C B r (0) and 
put h = X*go- 

• The mean curvature and second fundamental form of O satisfy the following estimates. 
W B ^ \\c 2 (O.h) = \\ BS \\r<2(n \*x\ + 0{r) 



\C 2 (0,h) ~ II-" llc* 2 (C,A*5) 

l^ll^co,*) = \\ H % HO ;x*s) + °W + °^)\\ B %^ 5) ■ 

• The Laplacian of O satisfies 

A h u = A s u + 0(r) ■ V s u + 0(r 2 ) • V 5 V 5 u . 
where 0(*) ■ denotes a linear operation on tensors with coefficients bounded by 0(*). 

Proof. The proof of this result is a rather diabolical exercise in Riemannian geometry that will 
be abbreviated here for the sake of the reader. First, pick any point p G A(O) and choose a 6- 
orthonormal frame Ei for T p \(0). Extend this to a 5-orthonormal frame for T p C n by adjoining the 
vectors JE{. One can assume that (V s E .Ej, Ej.)s = and that Bf- k = (V s Ei Ej, JEk)s- 

The second fundamental form of A(O) with respect to the metric h can be found by computing 
B ijk = (^E-^j^k)h where Nj? is a /i-orthonormal frame for the /i-orthogonal complement of 
T p \(0). To complete this calculation, one uses the form of the metric to compute (V^Y, Z)h = 
(V S X Y, Z}$ + 0(r , )||X||5||Y'|| ( j||Z||5 for any vectors X,Y, Z whereas the can be written as linear 
combinations of JE^ + cVEi where cl = 0(r 2 ). Substituting these quantities into the expression 
for B^- k and its covariant derivatives yields 

B* k = B & l3k + 0{r) 
V h s B* k = V s s B* jk + 0(l) 
V h s V^ jk = V s y t B s ijk + 0(r- 1 ) 

where 0(r*) can now represents a tensor of the required type having coefficients bounded by r*. 
Next, the form of the metric h implies that the inverse matrix has coefficients h 1 ^ = 8 13 +0(r 2 ). One 
thus obtains the desired estimates by taking the h- and <5-norms of these expressions and making 
the necessary comparisons. The expressions for the mean curvature follow by first taking the h- 
and 5-traces and then taking norms. The calculations for the Laplacian are similar. □ 



3.3 The Legendrian Lawlor neck 

A Lagrangian Lawlor neck is an embedded special Lagrangian submanifold of C n with the topology 
of a cylinder M x S n_1 that is asymptotic to a pair of transverse special Lagrangian planes. It 
was discovered by Lawlor in [191 [T8] , and it was shown that any given pair of transverse special 
Lagrangian planes LTi and II2 can be realized as the asymptotic planes of a Lagrangian Lawlor 
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neck if and only if the characteristic angles of IIi and II2 satisfy the angle criterion as described 
in the introduction. A truncated and re-scaled Lawlor neck can be lifted from C n into C n x R 
by the standard Legendrian lifting procedure to produce an embedded, cylindrical Legendrian 
submanifold asymptotic to a pair of Legendrian planes. This object can then be embedded into 
the sphere as a Legendrian submanifold using the Legendrian normal coordinates. The resulting 
object is the Legendrian Lawlor neck. The purpose of this section is to define this object precisely 
and to compute good estimates of its mean curvature and other geometric quantities. 

The Lagrangian Lawlor neck. The discussion begins with the definition of the Lagrangian 
Lawlor neck, which proceeds as follows. First, let A := (ai,...,a n ) be a vector of positive real 
numbers and let P : R n x R — ► R be the function given by 

(1 + aiA 2 ) ••• (l + a n A 2 ) -1 
P{A,\):=± ] A l 2 n —t . (13) 

Next, set 

e ^ x ) : = t 71 ^V— ^ - (14) 

It is easy to see that the integrals (|14p are well-defined and converge as A — > 00. Moreover, 
P(A, A) = 0(X 2n - 2 ) and so k (A, A) = 6 k (A)+0{\- n ) for large A, where 9 k (A) := Vm X -*oo 6 k (A, A). 
The embedding giving the Lagrangian Lawlor neck in C n is now defined as follows. 

Definition 21. For every A = (ax, . . . ,a n ) £ R n , with a k > for all k, the Lagrangian Lawlor 
embedding with parameter A is the map Fa '■ R x S n_1 — > C n given by 



F A (\,ri := (z 1 (X, f i),...,z n (X, f ,)) 



where 



z k (X, fi) = / yj+A 2 " exp (W k (A, A)) 

and [i = (/i 1 , . . . G R n satisfies J2(^ k ) 2 = 1 so that n € The Lagrangian Lawlor neck 

with parameter A is the submanifold iV^ := -Fa(R x S n_1 ). The truncated and re-scaled Lagrangian 
Lawlor neck with parameters e, R, A is the submanifold N e ,R,A '■= sFa {[—R,R] x § n_1 ). 

Observe that the two ends of iV^ are asymptotic to the real plane R n x {0} (when A — > —00) and to 
the plane L>^(R n x {0}), where Da is the diagonal nxn matrix having the entries e 1 ^ 1 ^, . . . , e 1 ®"^ 
on the diagonal (when A — > 00). Moreover, YJk=i @k(A) = mod 2tt so that Da 6 SU(n + 1). 

Lifting to a Legendrian submanifold. In order to lift the Lagrangian submanifold Na of C n to 
a Legendrian submanifold of C n x R, it is necessary to find a function Sa(X, fx) so that F A (X, /J>) '■= 
(Fa{X, /Li), Sa{X, jti)) defines a Legendrian embedding. If ao = |dt + do is the contact form, then 
the condition F A ao = implies that the required function must satisfy dS A (X,/J,) = —2F^aQ. One 
then easily calculates that the required function must be 

Sa(X) := -n f" -y^== (15) 
Jo y/P(A,s) 
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up to the addition of a constant factor. It is important to note that Sa(^) = Sa + 0(log(A)) for 
large A in dimension n = 2, and S^A) = Sa + 0(A _n+2 ) for large A in dimension n > 3, where 
is a constant depending only on A and the dimension. 

Definition 22. For every A = (oi,...,a n ) £ M n with a/% > for all fc, the Legendrian Lawlor 
embedding with parameter ^4 is the map Fa ■ M. x S n_1 — > C n x R given by 

F A (A,m) := (F A (A,^),5 A (A)) . 

The Legendrian Lawlor neck with parameter A is the submanifold iV/i := Fa(JSL x S" _1 ). 

Although the Lagrangian Lawlor embedding into C n can be scaled in a straightforward way, 
scaling the Legendrian Lawlor embedding into C n x K requires handling the M-coordinate and the 
C n -coordinates differently. Indeed, to preserve the contact form it is necessary to scale the Legen- 
drian Lawlor embedding as F £) ^(A, fi) := (eFa(\, h), s 2 Sa(^)\ The truncated and re-scaled Leg- 
endrian Lawlor neck with parameters e,R,A is the submanifold N £ ^r.a '■= Fe,A ([- R,R] x S n_1 ). 

Properties of the Legendrian Lawlor neck. The following propositions gather the rele- 
vant properties of N £ ^a that will be used in the sequel. The first of these propositions gives 
a more detailed picture of the asymptotics of N £< r : a- The analogous results for N £ ,R,A have 
been proved in [3] , and their extension to the present case follows easily from Proposition |H Let 
n := span R {ei, . ..,e n } and U A := span K {e l6ll(A) ei, . . . , e ie " (A) e n }. 

Proposition 23. If e > is sufficiently small, there exist radii R 1 and r < 1 satisfying 
R = 0(r / e) so that the following hold. 

1- N e>R>A C B r (0) in C n and N eAA Q B r (0) x (0,e 2 S A ) in C n x M. 

2. N e ^ n A \ B r / 2 (0) consists of two disconnected components projecting onto Ho n Ann(r /2,r) 
and Ua^i Ann(r/2,r), respectively, by nearest-point projection. Furthermore, there exists a 
function G £ : Ann{r /2,r) — > R so that 

N eAA n Ann(r/2, r) = (A Ge ("1 Ann(r/2, r)) J (Ai, e 2 Syl (A Ge ) H Ann(r/2, r)) (16) 

in i/ie notation of Proposition^ where D^ £ 2 Sa is the diagonal SU(n) -rotation bringing Uq 
to Ha followed by upward translation by e 2 Sa in the Reeb direction. 

3. The function G £ exhibits the scaling behaviour G £ (x) = e 2 Gi{x/e), and if x £ Ann(r/2,r), 
then it satisfies the estimates 

ll V ^)ll=°(pp2Tl) < 17 ) 

for all n > 2 and k > 0, except n = 2 and k = with respect to the metric induced by the 
ambient Euclidean metric. In the exceptional case, the estimate is \G £ (x)\ = 0{e 2 \ log ||x|| |). 
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The next proposition derives the intrinsic and extrinsic geometry of N £ ^a induced by the 
metric go . Recall that this is the same as the geometry of N e ,R,A Q C n that is induced by the 
metric go, and that this metric is close to being Euclidean sufficiently close to the origin. The first 
lemma describes the geometry of N £t R,A with respect to the Euclidean metric of C n . The formulae 
below all result from straightforward computations. 

Lemma 24. The induced metric of the truncated Lagrangian Lawlor neck N e ,R,A with respect to 
the Euclidean metric of C n is given by 



K,A = £ 



E 3 



k\2 



I. 1 \~ • X \ 



A 2 + 



P^)^ + E(^ + A 2 )(d^ 



(18) 



The second fundamental form of N £t ji^ with respect to the Euclidean metric of C n is given by 

Sym(dA <g> g s ) 



+ 6dA d 



(19) 



where gs is the standard metric ofS n while Sym(dA (g) gs) is the symmetrization of dA ® gs and 



fc =iyp(AA)(^ + A 2 



A 2 + 



1 



P(A,X) 



1 

— + A< 

ak 



1 + 



XP'(A,X) 
2P(A,X) 



Finally, the mean curvature of N £ ^a with respect to the Euclidean metric of C" vanishes. 

A consequence of Lemma [24] and the methodology of Proposition [20] is the following estimate for 
the second fundamental form with respect to the ambient metric induced from the sphere. 

Proposition 25. The following estimates hold at a point (A, fi) on N £ .r^a,c- Here C is a constant 
independent of e. 

• The second fundamental form of N £t R,A,c measured with respect to the metric go satisfies 



\B £A \\ + e(l + X 2 ) 1 / 2 \\VB £)A \\ + e 2 (l + A 2 )^ 2 ^! 



< C 



1 



+ e(l + A 2 ) 1 / 2 



_ £ (l + A 2)(n+l)/2 

The mean curvature of N £ ^r ) a,c measured with respect to the metric go satisfies 
\H eA \ + e(l + AY^IIV^II + e\l + A 2 )||V 2 ^|| 



< C 



(1 + A2)(n-l)/2 



+ e(l + A 2 ) 1 / 2 



Proof. The computation of these estimates proceeds in two steps. First, one finds the estimate of 
the second fundamental form of iV^^^ with respect to Euclidean metric of C n . Then Proposition 
[201 and with the fact that the mean curvature with respect to the Euclidean metric of C n is zero is 
used to derive the needed estimates with respect to the ambient metric coming from the sphere. 
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For the first calculation, it suffices to take A = (1, . . . , 1) because it is always the case in this 
paper that the components of A lie in a compact subset of the open positive quadrant of R n . 
Thus one can derive from equations (|18p and (|19p that the coefficients of the metric and second 
fundamental form satisfy 

h £A = e 2 [0(l)dX 2 + (l + X 2 )g s } 

B eA = e 2 [0((1 + X 2 )^ 2 ) Sym(dA g s ) + 0((1 + X 2 )^ 1 ^' 2 ) dA 3 ] . 

Taking the norm of B £ ^a with h £t A as well as the norm of its first two covariant derivatives with 
respect to h £> A yields the estimate 

+ e(l + \ 2 )V 2 \\VB e>A \\ + e 2 (l + A 2 )||V 2 £ £iyl || < Ce-\l + X 2 )-( n+1 ^ 2 . 

Proposition [501 can now be used to convert this into an estimate of the second fundamental form 
and mean curvature with respect to the metric go, which yields exactly the required estimate. 
Needed for this task is the fact that the ambient coordinate r is related to the neck coordinate A 
by r = e(l + A 2 ) 1 / 2 . □ 

3.4 Performing the Connected Sum 

Let So, Si and 52 be as in Section [37X1 and replace these by Pert £ (So), Pert £1 (Si) and Pert £2 (S2)- 
It will now be shown how Pert £ {So) can be connected to Pert £l (S\) and Pert £2 {S2) by choosing 
e,£\,£2 well and inserting the appropriate Legendrian Lawlor necks. 

Consider only the connected sum construction near the point p\ S Sq and e lc p\ £ Si, the 
construction at P2 and e~ lc p2 € S2 being similar. Choose Legendrian normal coordinates tj) : 
U — » C n x R in a neighbourhood U of p\ and adapted to So by choosing -0 := fpp 1 ,T P s ■ Then 
ip(Pert £ (So) CiU) is a Legendrian submanifold graphical over the Legendrian plane LTo := R n x {0} 
near the origin, and ip(Pert £l (Si) nW) is a Legendrian submanifold graphical over a Legendrian 
plane of the form 11,4 := Da,cC^-o) near the origin. Here Da, c is rotation in the C n coordinates 
by the diagonal matrix having q^^^ on the diagonal, where 61(A), . . . , 6 n (A) are the asymptotic 
angles for some Legendrian Lawlor neck Na, followed by translation by c in the R coordinate. 
More concretely, there is some fixed small number r > along with functions /o : B r (0) — * R and 
fi : B r (0) -> R so that 

ip(Pert £ (So)P\lA) n B r (0) = A/ and ^(Pert £l (Si) n W) n B r (0) = ^^(A/J 

where Aj denotes the Legendrian submanifold generated by the function / as in the notation of 
Proposition [H Moreover, by (jlip and a change of variables, one can assume that the functions fo 
and fi can be expanded as 



^2 +0(e]\\x\\ 2 ) n>3 



■i" 



(e 2 (C° + C}log(\\x\\))+0(s 2 \\x\ 



2\ 



(20) 

n = 2 
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in a small neighbourhood of the origin. 

One can now attach Af to using a truncated and re-scaled Legendrian Lawlor neck as 
follows. Choose e, £i,£2 to satisfy e n co = e^ci = £2 C 2 as well as the equation c := e 2 S A (or 
c := e 2 S A — efC?) in the n = 2 case). Next, set 

r e := e s for s G (0, 1) 

to be the radius at which the gluing takes place. The parameter s will be chosen at the end of the 
proof; in the mean time, it suffices to know e <C r £ when e is sufficiently small. Let 77 : [0, 1] — > M 
be a smooth, monotone cut-off function with support in [0, 1/2]. Define the following two functions 

G (x) := V (\\x\\/r £ )G £ (x) + / (x)(l - n(\\x\\/r £ )) 

Gi(x) := r,(\\x\\/r £ )(G £ (x) + e 2 S A ) + (fi(x) + c) (l - r/(||x||/r E )) 

where G e is the graphing function of the Legendrian Lawlor neck from Proposition [23] (with the 
appropriate modification for the n = 2 case) . These two functions transition smoothly between the 
values of /o and /1 + e 2 Sa outside B rs (0) and the values of G e inside B r ^ 2 (0), respectively. Now 
define the submanifolds 

T := A Go n Ann(r £ /2, r £ ) and T-y := D A (A Gl ) D Ann(r £ /2, r £ ) 

which transition smoothly between the Legendrian Lawlor neck N £ : r.a,£ 2 Sa ^ ^r s /2(0) an d the 
submanifolds Af and A fa outside of B re (0), respectively. Finally, define the submanifold 

A e := (A /o n Ann(r e , r)) U T U [N £jR>A}£ 2 Sa n B Pe/2 (0)) UTjU (D A ^ SA {A h ) n Ann(r £ , r)) (21) 

which combines these five pieces into a smooth, Legendrian submanifold of C n x R. Applying the 
inverse of the Legendrian normal coordinates then places this submanifold back in § 2n+1 . 

Definition 26. Choose e,£i,£2 as above. The Legendrian connected sum of Sq and S± is 

LCS^Sy) := [Pert £ (S )UPert £l (S l )\^ 1 (B r (0))] □^(A^. 

Call T := ^ _1 (To) U ip~ 1 (Ti) the transition region of LCS £ {Sq, Si). 

The submanifold LCS £ (So, S±) is identical to Pert £ (So) or Pert £l (S\) outside of ^ _1 (i? r (0)) 
and identical to ip (N £i r iA ) inside the neck region tp -1 (£? r / 2 (0)) . Therefore the estimates of the 
geometry of LCS £ (Sq, S\) are provided by Proposition [25] in the neck region and Proposition 1171 in 
the exterior region. The following proposition gives the needed estimates in the transition region. 

Proposition 27. The following estimates hold in the transition region T of LCS £ (So, Si). 

• The second fundamental form satisfies 

for some constant C independent of e. 
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• The mean curvature satisfies 

fe n+1 \ 
|V-^ ( r3<c(^3+lJ 

ire 2( T)<^(^T + r £ ) 
for some constant C independent of e. 

• The Laplacian satisfies 

A(u) = A(u) + O + r 2 ) • V 2 u + O + r e ) • V, 

where 0(r*) ■ denotes a linear operation on tensors with coefficients bounded by 0(r*). 

Proof. The computation of these estimates will be carried out in Legendrian normal coordinates 
centered on the point of gluing. One begins by performing the calculations for the Lagrangian 
projection [LCS s (Sq, Si)] C C n using the ambient Euclidean metric. The conclusion then follows 
from Theorem [8] and Proposition [20] as before. 

Suppose now that / := rjfi + (1 — 77) /a where fi is the graphing function for the image of 
[Pert s (So)] in the Legendrian normal coordinate chart being used here, and f% is the graphing 
function for the end of the Lagrangian Lawlor neck that connects to it. Let rj be the cut-off 
function appearing in the construction of LCS £ (Sq, Si). Set 

L u ■= {(x, V/,(aO) : x G B Te (0) \ B r£ / 2 (0)} 

where V is the Euclidean gradient and * refers to 1, 2 or nothing. Since the components of the 
second fundamental form of Lj with respect to the Euclidean metric are = f ^ then 

||5|| < l|V 3 /i|| + l|V 3 /2|| + ||T|| 

where T is a tensor of order three whose components are linear combinations of the quantities 
vAhjk ~ f2,jk), V,ij(h,k ~ f2,k) and rj iijk (fi - f 2 ) with 0(1) coefficients. To proceed, recall the 
expansions (flT]) and (p0|) which yield 

= O (pp^) -d ||V*(/l - f 2 )(x)\\ = O (j^+g) + 0(e n \\xf) . 
Hence with r e /2 < \\x\\ < r £ , one finds 

HRii <r( £n ,z n+ \z n \ 

The estimates of the higher derivatives of B are similar, though more involved. Using Proposition 
[2D] and the fact that e < r £ , the desired estimate follows. 
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Next, the divergence of the mean curvature of Lf with respect to the background Euclidean 
metric is V ■ H = h ki h^(f ijk);i where are the coefficients of the inverse of the induced metric 
hij := Sij + f,isfjs an d the covariant derivatives are taken with respect to this metric. The 
Christoffel symbols are := ^ s f jjsf ks' Expanding in terms of f\ and f% yields after some work 

|V • H\ < | Vi • m\ + |V 2 ■ H 2 \ + ||T'|| + 0(||V 2 /|| 2 ||V 4 /||) + o(||v 3 /ll 2 l|v 2 /ll) 

where Vj • Hj is the divergence of the mean curvature of Lf. with respect to the induced metric 
of Lf j with respect to the background Euclidean metric and this time T' is a tensor of order four 
whose components are linear combinations of the quantities ^(/ijjw — f2,jki), V,ij(fi,kl ~ /2,fcz)> 
V,ijk(fl,l ~ f2,l) and - / 2 ) with 0(1) coefficients. Taking r E /2 < \\x\\ < r £ now gives 

using the estimate | Vi •-ffi|*c 1 (T) — Ce 3n r^ 3 ™ -2 from Proposition [T7] and the fact that H 2 = 0. The 
second derivatives of H can be estimated in the same way. Combined with the second fundamental 
form estimate above along with Proposition 1201 and the fact that e < r £ , the first of the desired 
estimates follows. The estimate of ||ff||^, 2 (7-) follows in a similar way to the previous two estimates, 
though yields a result that is not quite as good because the leading term is the derivative of the 
Laplacian of the function G which is of size 0(||VG||) = 0(e n r~ n+1 ). 

Finally, the Laplacian is A(n) := [u^j — TfjU iS ) so that expanding as before yields 

A(n) = A(u) + 0(\\ <J 2 ff)V 2 u + 0(||V 3 /|| • ||V 2 /||) • V, . 

The desired estimate follows by estimating V k f as before and invoking Proposition 1201 □ 

4 The Approximate Solutions 
4.1 The Initial Configurations 

Examples of initial configurations of Legendrian n-spheres to which the Main Theorem applies will 
now be given. Denote the standard real basis of C n+1 by P\ := (1, . . . , 0) . . . P n +i := (0, • • • , 1) in 
what follows, treating these as points in Sq or as vectors in C n+1 depending on the context. 

Example 1. The first example of an initial configuration can be described as follows. Choose 
complex numbers £ s := exp(27ri/m s ) for s = 2, ... ,n and £ n+ i := exp(27ri^™ =2 l/m s ), where m s 
are odd integers with \m s \ > 4. The n U is defined to be 

i l \ 

U:= 6 
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Next, let ./V := Lc.m.(m2,...m„), choose k and a odd satisfying g.c.d.(a,kN) = 1 and define 
C := exp(27ria/A;A r ). Then ((U) kN = I and no power of QU smaller than kN is the identity. 

The U s {Sq) all intersect at the points ±P\ so that the ((U) s (Sq) acquire Hopf separation on 
the order of Arg(Q. In fact, if si := (kN + l)/2 and s 2 := (kN - l)/2 then (CJ7) Sl (^i) = 
C 1/2 Pi and (C^) S2 (-Pi) = C 1/2 Pi with Hopf separation ±na/kN. Moreover ((U) 8 (S ) is closest to 
(Cf/) S1 (5 ) and ((U) S2 (S ) at these points. Note that T Pl U sl (S ) = span K {^ /2 P2, • • .,C+i p n+i} 



and T^.p 1 U s ' 2 (Sq) = span R {,$; 2 P 2 , . . . , £ n _^ z P n +i} and it is clear that these tangent planes arc 
always transverse. One can also check that the angle criterion holds for these tangent spaces for 
a sufficiently large choice of m^, depending on the dimension. The gluing should be performed 
by connecting the points given above. One can check that the resulting submanifold is closed and 
embedded (because the Hopf separation between any pair of n-spheres is never smaller ira/kN). 
The Legendrian angle function advances by ira/kN from one n-sphere to the next and acquires a 
period of 2ira around the entire configuration. 



-1/2, 



Example 2. The next example is different from the first, in that gluing occurs at a pair of non- 
antipodal points. Once again, choose complex numbers £ s := exp(27ri/m s ) for s = 2, . . . , n but now 
£ ra+ i := — exp(27ri^™ =2 l/m s ), where m s are integers with \m s \ > 4. Then U is defined to be 

\ 



/ 
1 



U :-- 



V 



£3 



Next, let N := l.c.m.(rri2, ■ ■ ■ m n ), choose k and a satisfying g.c.d.(a,kN) = 1 and define £ := 
exp(27ria//c/V). Then ((^U) 2kN = I and no power of (U smaller than 2kN is the identity. 

In the present case, U(Sq) Pi So = {±^2} and J7 -1 (iSb) n So = {±Pi}. Indeed, one finds that 
U 2s (Pi) = £|Pi = U 2s ~ 1 (P 2 ) and U 2s P 2 = £|P 2 = C/ 2s+1 (Pi). Multiplying by C creates the 
desired Hopf separation. In fact C 2s £! p i G i(U) 2s (S ) is closest to C 2s_1 £f p i G (C^) 2s_1 (So) and 
C 2s C2 P 2 G ((U) 2s (S ) is closest to ( 2s+1 &P 2 G ((U) 2s+1 (S ) . The Hopf separation is ±2ira/kN, 
respectively. Note that Tp 1 Sq = spaniu{P2, • • • , Pn+i} and Tp 2 Sq = span^jPi, P3, . . . , P n +i} while 



Tp 2 U(S ) = span R {6Pi, 6^3, • • • , ^£^+1} and Tp.U'^So) = span K {£ 2 P 2 , . . . , ^+i^n+i}- It 
is clear that these tangent planes are always transverse. One can also can check that the angle 
criterion holds for these tangent spaces for a sufficiently large choice of m*,, depending on the 
dimension. The gluing should be performed by connecting the points given above. One can check 
that the resulting submanifold is closed but embedded only for appropriate choices of and £. 
The Legendrian angle function acquires a period of 4ira around the entire configuration. 
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4.2 Assembling the Approximate Solutions 

The approach outlined in the introduction for creating an approximately contact-stationary Leg- 
endrian submanifold from U(n + l)-rotated copies of Sq will now be implemented here in the two 
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examples just given. Broadly speaking, these examples will be constructed as follows. 

1. Choose U £ SU (n+ 1) generating a cyclic subgroup of SU(n + 1) of integer order N. Suppose 
that So H U(So) has contact-transverse intersection at a pair of antipodal points ±p £ So in 
such a way that the tangent spaces at the intersection points satisfy the angle criterion. 

2. Let ( := e 2ma / kN for some integer a and large integer k satisfying g.c.d.(a,kN) = 1. 

3. Glue each (("[/)* (So) to its nearest neighbours at one of the points (CU) s (±p) using the 
Legendrian connected sum procedure with scale parameter corresponding to the Hopf 
separation 2ira/kN. 

The approximate solution of the contact-stationary deformation equation is the submanifold con- 
structed by means of the three steps above and will be denoted by A{/£. 

The submanifold A{/£ is smooth and Legendrian, and if U and £ are chosen properly, then 
it is embedded and each ((U) s (Sq) is connected to exactly two neighbouring ^-rotated copies 
of So in such a that Ay ^ is a closed and compact Legendrian submanifold with the topology of 
S 1 x S" _1 . Since the Legendrian angle function @u,( on the unperturbed part of (CU) s (Sq) is equal 
to 2irsa/kN, then Qjj,c increases by 2ira for every circuit around A^. 

The following terminology will be used in the sequel. Each (£[/) s (So) is attached to two neigh- 
bours at two distinct points chosen from the set {(£[/")* (±p) : t = 0, . . . , kN — l}n (CU) s (Sq). These 
points are the gluing points on ((U) s (So) and these shall be denoted by p\ s and p2 S - (In the case 
s = 0, denote them simply by p\ and p2-) Now choose r 6 (0, j*o] where vq is sufficiently small but 
independent of e, and define the disjoint union of balls centred on the gluing points 

fcJV-l 

B r := |J [B r ((C^) s (pi s ))ui? r ((C^r(p 2s ))]nA^ c . (22) 

s=0 

Finally, subdivide A^ into regions of three distinct types: the union of all the neck regions, the 
union of all the transition regions and the union of all the exterior regions of A^ and denote these 
regions by J\f, T and A'. That is, set 

M := B re/2 

T := B Te \ B Te / 2 

A':=A c/i( \(AAur). 

4.3 Symmetries Satisfied by the Approximate Solutions 

The approximate solution Aux constructed above is invariant with respect to the transformation 
CJJ for two reasons. First, the collection of n-spheres {QU) s {Sq) is invariant under this group for 
obvious reasons. This shows that all of Ajj^ except perhaps the neck and transition regions are 
invariant under this group. Second, since every neck region is uniquely determined by the tangent 
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planes at the points of gluing and the Legendrian normal coordinates are equivariant with respect 
to C,U (in fact, CJJ can be used to transplant the coordinates from the point p to every other gluing 
point), the neck regions are permuted amongst themselves by the action of CJJ. Third, one can 
easily check that the Legendrian connected sum procedure keeps the transition regions of A{/£ 
invariant with respect to this group as well. 

There are also additional symmetries satisfied by h-uc that will be important later on. These 
are specific to each of the two choices of U made above. 

Example 1. Consider the transformations Kj : C™ +1 — ► C" +1 defined by 

K J (z):=(z\z 2 ,...,-z^,...,z n+1 ) for j = l,...,n + l. (23) 
These transformations are not U(n + l)-rotations, but rather are orthogonal transformations of 



(viewed as M. 2n+2 ) that still preserve the contact structure. One can easily verify that K- o 



(U o Kj = CJJ for all j, so that each Kj descends to an isometry of the fundamental cell of A{/£ 
consisting of the spherical region, a transition region and a neck region. It remains to see that each 
of these regions is invariant under Kj. 

The spherical region Pert £ (So) \ (B re (—Pi) U P re (Pi)J is clearly invariant under these symme- 
tries. Next, combining the Legendrian normal coordinate map from Section [3.21 with the definition 
of the Legendrian Lawlor neck from Section [3.31 shows that the neck ip(N E ra,o) 1S embedded into 

§2n+l ky ma ppi n g 

^oF E:RiAt0 (\,fi) = exp(iS A (X)) (r a (X, m), • • • A 2 exp(i%(A A)) • • • ) , 



where R A (\ )(J ) = 1 - ELi(M j ) 2 ( £ + A 
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. Now it is easy to see that 

KjO(j)o F E>R>Afi (X, n) = (f)o F £>R>Afi (X, fj, 1 ,..., -fj> j , ...,fi n ) j = 2, . . . , n + 1 (24) 

showing that the transformations Kj for all j = 2, . . . , n + 1 preserve the neck. These transfor- 
mations also preserve the transition regions of A-u,C because the transition regions are rotationally 
symmetric about the vertical axis in the Legendrian normal coordinates. 

Finally, the transformation K\ preserves Pert £ (So) because the Green's function of the Lapla- 
cian of Sq \ {Pi,— Pi} is odd. Moreover, K\ sends Pi to —Pi and acts by reflection across the 
horizontal hyperplane in the Legendrian normal coordinate chart. Hence the neck at Pi is sent to a 
reflection of itself across the horizontal hyperplane. But this is exactly the neck that is inserted at 
—Pi. Consequently K\ preserves the neck regions of Aj/^. It also preserves the transition regions 
of A[/£ by similar arguments. 

Example 2. The transformations Kj for 3 < j < n + 1 defined in (j23|) from Example 1 arc 
additional symmetries of A-ux m this case as well. One additional symmetry involves the z 1 and z 2 
coordinates. Define the transformations K\2 : C n+1 — > C n+1 by 



K 12 (z\ z 2 , z 3 ,..., z n+l ) := (-z 2 , -z\z s 



rz n+1 ) 
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Then it is easy to check that K^ 2 (CU)K\2 = (C^) _1 so that K\2 descends to an isometry of 
the fundamental cell of A^. The spherical part of the fundamental cell is clearly preserved by 
K\2- Moreover, calculating with the embedding of the neck as in (|24p shows that K\2 maps the 
neck Na to the neck (( > U)~ 1 (Na), but embedded up-side down with a reflection into the sphere. 
Consequently, the neck regions are permuted amongst each other under K\2 . Similar arguments 
show that the transition regions are permuted in the same way under K\2 as well. 

5 Setting Up the Analysis 

5.1 The Banach Space Inverse Function Theorem 

In the previous two sections, an approximately contact-stationary submanifold Au r has been con- 
structed using the Legendrian connected-sum procedure. The tasks ahead are to parametrize small 
contact deformations of A.uc ° ver a suitable Banach space of C 4 '^ 3 functions of Afj£ and solve the 
equation (/) = 0, where $^ is the contact-stationary deformation operator of Ay^ as de- 
fined abstractly in Definition [TTJ Henceforth, denote &u,C := ^A U(; an< ^ denote also the linearization 
of this operator at zero by Cjj^ for typographical convenience. 

The theorem that will be invoked to find /, albeit in a slightly subtle way, is the Banach space 
inverse function theorem. This fundamental result will now be stated in fairly general terms pp. 

Theorem (IFT). Let 3> : X — > Z be a smooth map of Banach spaces, set $(0) := E and denote 
the linearized operator D<1>(0) by C Suppose that C is bounded, surjective, and possesses a right 
inverse 7Z : Z — > X satisfying the estimate 

\\K(z)\\ <C\\z\\ (25) 

holds for all z £ Z . Choose R so that if y £ -Br(O) C X, then 

||£(x)-D*(y)(x)||<^||x|| (26) 

for all x £ X . Then if z G Z is such that 

V-Z\\<^ (27) 
there exists a unique x £ -Br(O) so that &(x) = z. Moreover, ||x|| < 2C\\z — E\\. 

5.2 Weighted Schauder Norms 

A preliminary step in applying the Banach space inverse function theorem is to have norms for the 
Banach spaces X and Z which make explicit the dependence on the parameter k in all the estimates. 
The reason this is necessary is because when k — > oo and — ► 0, then the approximate solution 
becomes singular in each neck region and the contact-stationary Legendrian equation degenerates, 
making it impossible to invoke the Banach space inverse function with more 'conventional' norms. 
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Remark: The neck size parameter is more geometric that the parameter k. Therefore the 
dependence of all estimates on will henceforth be tracked, rather than their dependence on k. 
In the sequel, denote e := for simplicity. 

The e-dependence of the estimates will be tracked by using weighted Schauder norms for the 
spaces C l, ^(Ajj^). To define the weight function, first define a 'regularized' distance function po 
on A' by requiring po(x) := dist(x, pj s ) in a neighbourhood of each of the gluing points pj s and 
allowing po to transition smoothly to one outside these neighbourhoods. Here the terminology from 
Section 14.21 for the various regions of A-ux 1S being used. Now make the following definition. 



Definition 28. Define the weight function p £ : h-u,c — > K by 

Pe{x) :-- 



Po(x) x £ A' 

Interpolation x G T (28) 
eVl + A 2 x = ip~ 1 {\,p) eN 



where tp s is the Legendrian normal coordinate chart for the neck region connecting ((^U) s (So) 
to (CU) s+1 (So). Furthermore, one can assume that the function p £ is invariant under the all 
symmetries satisfied by Ajj^. 

The weighted Schauder norm is now defined as follows. Set A" := {x £ A' : po(x) = 1}. Let q 
be any tensor on Ajj,c anc ^ ^ C ^ ^-u,c De anv open subset. Recall the notation 

ii ii ii r mi a r i - PT(g(y))\\ 

9 o.O = sup \\q{x)\\ and [q\p,o = sup — — -5 , 

xao x, y eo dist(x,y)P 

where the norms and the distance function that appear are taken with respect to the induced metric 
of Ajj^, while PT is the parallel transport operator from x to y with respect to this metric. Now 
choose some large ro so that x E A" whenever x has a distance larger than tq from any of the gluing 
points. For any < r < 2ro, define the annular region A r := B r \ B r /2 as well as the norm on any 
subset OCyl r 

\f\l,p,y,OnAr := pT 'MI/konA- + • • • + P7 1+> l (r)\\V l f\\ ,onA r + P^ +l+P {r)[V l f\p,onA r ■ 

Again, the derivatives which appear here are taken with respect to the induced metric of Ajj£- Now 
make the following definition. 

Definition 29. Let O C A[/f. The Clj norm on O C Ajj t c, is given by 

l 

\f\ c i,0 ( 0) ■= y"||V i /llo,OnA" + [V z /]ftOnA"+ sup \f\ t (29) 

7 i=0 r G (0,2r ] 

The notation for this norm will be abbreviated | • \ c i,p when there is no cause for confusion. 
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5.3 Legendrian Deformations and the Contact-Stationary Legendrian Equation 

A second preliminary step is to have a concrete way of associating a Legendrian deformation <f>f 
of A[/^ to every function / in X. The key is to construct the association 'by hand' in such a 
way to have explicit control of 4>f in terms of /. Broadly speaking, the deformation associated to 
/ is obtained as follows: one first extends / to a neighbourhood of in a canonical way and 
multiplies by a suitable cut-off function; then one integrates the contact vector field generated by 
this extension up to time one. 

Here are the details of this construction along with the necessary estimates. Observe first that 
the exponential map exp : NAjj^ — > § 2n+1 of the normal bundle of Aj/£ is a diffeomorphism in 
a tubular neighbourhood V of width 0(1) in T U A" and of width transitioning to 0(e) in the 
narrowest part of M. Let r] be a smooth, monotone cut-off functions with support in V and define 
the extension operator E £ : C^f 3 (A ux ) -> C 4 ' /3 (S 2n+1 ) by 



Ee{f)(x) 



x V 



where p e is the weight function defined in Definition 1281 Consequently, E £ (f) coincides with / on 
Aj/^. Now recall that the function E e (f) defines a contact vector field Xf by means of the equations 

a{X f ) = E £ (f) and X f J da = dE e (f)\ s , 

and that integrating Xf yields a one-parameter family of contactomorphisms (f)f : § 2n+1 —* § 2n+1 
that is normal to Aj/£. The time-one flow of this family is simply denoted 4>f. 

Definition 30. The desired association of functions on Ayr to Legendrian deformations of Ajy^ is 
f^E E {f)^X f ^<t>f. 

5.4 The Strategy of the Proof 

The deformation procedure developed above can be fed into the abstract definition of <&uc and 
leads to the concrete partial differential equation that must be solved to find the contact-stationary 
Legendrian submanifold near Ay^. That is, a function / G (Ay^) must be found so that 



$ ^ f (/) : = V • f H . ,7 gda )=0 



where (j)t is the contactomorphism defined above. 

The strategy that will henceforth be used to apply the Banach space inverse function theorem 
to <&u,c win take into account two important observations. The first observation is that <&u£ is 
equivariant with respect to the symmetries of Ay £ induced by global isometries of § 2n+1 preserving 
the Legendrian condition. That is, if a G 0(2n+2) is such an isometry then &u£(f ocr ) = &u,((f) ocr - 
The second observation is that $u,£ is n °t a full-rank mapping. To see this, recall that the first 
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variation formula (|2|) applied to the generator of a contact isometry implies that every Legendrian 
submanifold A satisfies 

for every function / and every Hermitian, harmonic, homogeneous polynomial qn generating the 
U(n + l)-rotations of § 2n+1 . Consequently, the image of <&u,( is constrained by (n + l) 2 conditions. 
The correct interpretation of these conditions is to say that the graph {(f,&u,((f)) '■ f £ X} 
is contained in the Banach submanifold {(/,«) : f ( j> J (A U( ) u ' ^ H \(j> f (Au ) = *-* ^ Qh} of Z x Z. 
Therefore it suffices to show that the equation it o &rj,((f) = has a solution, where tt is the 
L 2 -projection to the orthogonal complement of the subspace spanned by the functions Qh]^ ■ 
Note that the linearization of tt o & t zero maps into this orthogonal complement, and thus 
D(vr o $y (C ) (0) = C Ut ( holds. 

These observations suggest that the Banach space inverse function theorem should be applied 
in the following way. In what follows, the subscript sym denotes invariance with respect to the 
group of symmetries of ^~u,C from Section 14.31 so that if u belongs to a syro-subscripted space then 
uoa = u for all such symmetries a. Also, the superscript _L denotes the L 2 -orthogonal complement 
of a subspace of functions. Let Qq := span R {</#|^ } and define the following Banach spaces. 

Definition 31. X := [C^A^)] gym and Z := [C^JA^) n Qo] sym - 

By the two observations above, the operator tt o &tj,( '■ X — > Z is well-defined and it is sufficient to 
find a solution of the equation tt o $u,((f) = in these spaces. 

Proving that a solution of this equation exists requires verifying that the conditions of the 
Banach space inverse function theorem hold for tt o In particular, one must construct an 

appropriately bounded right inverse for A/,c- Of course, as already mentioned, the primary ob- 
struction to constructing a right inverse for Cjjx with a small enough upper bound is the possibility 
that Z is not sufficiently transverse to the approximate co-kernel of Ctj,C generated by the Jacobi 
fields. However, an important part of the proof to follow is to show that the orthogonality and 
symmetry conditions built into Z conspire to rule out these obstructions. 



6 The Linear Analysis 

6.1 The Jacobi Fields of the Approximate Solution 

It is necessary to identify a subspace of functions that approximates the invariant Jacobi fields 
of Cij,c, i n As mentioned earlier, good approximating functions can be constructed as follows. 
One takes the exact Jacobi fields of the linearized operator of one of the spherical constituents of 
A{/£ and multiplies them by a cut-off function vanishing in a neighbourhood of the gluing points 
connecting this constituent to its neighbours. Such functions can be understood as generating 
transformations which act by U(n + l)-rotation of the constituent of Ajj^ in question while leaving 
the others fixed. Then one chooses all ^[/-invariant linear combinations of these functions. 
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More concretely, let Xext,r be a smooth, monotone cut-off function that equals one in Pert £ {So) \ 
[B r (pi) U B r (p2)] for some r and transitions to zero elsewhere. Suppose Xext is invariant under the 
symmetries of Ajj^. The functions just described are of the form 

rfcjv-i 

E Xexfq\ PerttiSo) o(CUy 

where q is any linear combination of the subset of polynomials in the list (jlOp that do not vanish 
on So- These functions, in coordinates (ar, x 2 , . . . , x n+l ) € 

q (x) := 1 



pn+1 



with Zs=i(. xS ? = !> are 



1\2 



qi (x) := (n+l)(x 1 ) 



qj (x) := {xif - {x n+1 f 



for j 



(30) 



,n 



Qiu,jk(x) ■ — 2x~i x 



for 1 < j < /c < n + 1 . 



Note that there are := |(n + l)(n + 2) such functions. 

As mentioned earlier, one can not expect to find an appropriately bounded right inverse for 
£u,t on an y subspace of functions that is not 'sufficiently transverse' to the space of these invariant 
approximate Jacobi fields. However, the principle that underlies the construction in this paper is 
that the orthogonality and symmetry conditions built into the definitions of X and Z guarantee 
this degree of transversality. The way in which this principle will be used in the construction of the 
right inverse of Cu,C, ls established in the following lemma, which shows that one has 'approximate' 
orthogonality on each constituent of A^. 

Lemma 32. Suppose f : A^ — > R is L 2 -orthogonal to the functions qi, . . . qo and invariant with 
respect to all the symmetries of Ajj^. Then 



JA U,C 



< Cr 



5+n 



\f\as 



for all j 



1, 



, D. 



Proof. This estimate is derived in two steps. First, by invariance with respect to QU ', one finds 

, feJV-l 





< 


f 


JA UX 




Ja 



+ Cr 



6+n 



l/bo 



(31) 



Now compute ^s=o _1 U (CU) S for each qj. This calculation depends upon the specific choice of 
U made in Example 1 or in Example 2. In the first example one finds: 
fcJV-l 



kN 



s=0 
feJV-l 



1 



s=Q 
kN-1 



n + l){x 1 ) 2 - 1 
j\2 _ ( n+l\2 



(32) 



s=0 
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for j 



,n + l 



whereas all others vanish. In the second example, it is better to use a slightly different basis for 
the space of functions spanned by qi, . . . , qo- That is, take the matrices /, H3, . . . , H n+ \,Hjk and 
H'- k from (fTOj) and replace H\ and H2 by 



/ n- 1 



n-1 



\ 



\ 



( 1 



and 



H' 



"2 J 



-1 



V 



/ 



The Hermitian, harmonic, homogeneous polynomials corresponding to these matrices, restricted to 
So, yield the functions q[(x) = (n + l)((x 1 ) 2 + (x 2 ) 2 ) — 2 and q' 2 {x) = (x 1 ) 2 — (x 2 ) 2 . One now finds 



kN-l 



E «b o (cw*) = 1 

s=0 
kN-l 

W E ^° (C^) S (^) = (" + i)^ 1 ) 2 + (^) 2 ) " 2 

s=0 

1 k ^ (xi) 2 - (x n+1 ) 2 

^ E Vo(CUy( X )= [ - > -g j for J= 3,...,n+l 

fcjV-1 

^ E 4m,i 2 o(Cc/) s (x) 



(33) 



1 2 



whereas all others vanish. Consequently, the integral term in (|3ip vanishes for qj in the list (|32p 
for Example 1 and for g.,- in the list (|33p for Example 2, and the estimate holds for these qj. 

In each example, the lists (j32[) and f|33|) do not form a basis for the space of functions spanned 
by qx, . . . , qn- The remaining basis functions are 



x j x k 



for l<j<k<n+l 



in Example 1, and 



q 2 = (x 1 ) 2 - (x 2 ) 2 

for 3 < j < n + 1 
for 3 < j < n + 1 



^IMjljf — x x J 



qiu,2j — x 



in Example 2. But for each of these functions, there is an additional symmetry a £ 0(2n + 2) 
under which Ajj^ is invariant and qo a = —q, as can be readily verified from the definition of the 
additional symmetries in Section 14.31 One can thus compute directly that 



'At/,c J ^u,c 
thereby verifying the estimate once again. 



/ f 'Qj = I (/ • Qj) & = ~ I / • Qj = 



□ 
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6.2 The Linear Estimate 



This task at hand is to find an appropriately bounded right inverse for Cjj£ ■ X — > Z and a 
number of steps are needed to reach this goal. The necessary steps become more complicated as 
the dimension n decreases because of the nature of the indicial roots of the principal part of 
which is the bi-Laplacian operator, in low dimensions. The material below presents the simplest 
proofs available in three cases: for dimensions n > 5, for dimensions n = 3, 4 and for dimension 2. 
This presentation has been chosen since it highlights the essential reason why the bounded right 
inverse exists, which is most obvious in the n > 5 case. The alternative — finding a unified proof 
for all dimensions — is somewhat possible, but would end up being just as long and would obscure 
the n > 5 case with unnecessary machinery. 

The first of the step in the analysis leading to the bounded right inverse in all dimensions is 
a lemma showing that the lower order term Qu,£ := 2V • B^ a {B\ v ,Vm) — {Hj^ ■ V) 2 u in the 
linearized operator Cu,(, = ^u,c(^-u,c + 2(n + 1)) + Qu,c as given in Corollary 1141 is uniformly small. 

Lemma 33. The operator Qu,C '■ X — > Z satisfies the estimate 

\Qu,d U )\c^ 4 - C (^=2 + ^ + r e) \ U \cY J 

for all u G X . 

Proof. The operator Que satisfies the pointwise estimate 

\\pe(x)]^Q UtC (u)(x)\ < C\p £ (x)\ 2 \H- Aux (x)\ (\\B ku< (x)\\ + \\p s (x)VB- Aux (x)\\) \u\ c}/P 
for any x £ ^-u,(- ^ x belongs to the exterior region A' C Ajj^, Proposition [T71 gives the estimate 

\Qu, c (u)\ c o^ iAI) < Ce 2n r~ 2n+2 \u\ c ^ ■ 
If x belongs to the neck region Af C Au,(; where p £ (A) = e\J\ + A 2 := p(X) Proposition 1251 gives 

\Qu,dn)\ c ^ iW ^ lx ^ /£ C£2[piX)]2 (raTF^ + £P{X) ) ( £ [ p( aV +1 +£P(A) ) H ^ 
<C(e 2 + ri). 

Finally, if x belongs to the transition region T C Ajj^, Proposition 1271 gives 

\Qu,d u )\ C °^ (T) ^ Cr e( ~n^l + r e 

7-4^ i \r £ 

using the fact that e < r e . Consolidating these separate results yields the desired estimate for the 
supremum norm. The Holder norm estimate is similar. □ 
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Henceforth, set Ljj^ := Aj/^ (Ay^ + 2(n + 1)). The existence of an appropriately bounded right 
inverse in dimensions n > 5 is already a consequence of Lemma [33j It uses a fairly straightforward 
contradiction argument together with the fact that Cjjc an< ^ ^ux are self-adjoint. 

Proposition 34. Suppose n > 5 and choose 7 G (4 — n, 0). If e is sufficiently small then there is 
a constant C independent of e so that the operator Cjj,^ '■ X ^ Q-o ^ Z is bijective and satisfies 
|u| r ,4,/3 < CICjj r(u)\ „o,/3 /or all u £ X where C is a constant independent of e. 

Proof. The strategy of this proof is as follows. It will be shown below that L\j^ is injective on 
In Qn and satisfies |itL4,/3 < Cq\Ljj Au)\ n o,f3 for some constant Cq independent of e. Since Ljj t is 
self-adjoint then Ljj£ '■ X n Qq~ — > Z is surjective. The estimate of Lemma [33] then shows that the 
operator Cu£ is injective on X n Qq as well when e is sufficiently small, and satisfies the desired 
bound with C := 2Co. Therefore Cuq is surjective, again by self-adjointness. 

The injectivity bound for Ljj^ can be found in this way. By standard elliptic theory and scaling 
arguments, there is already some constant C independent of e so that 

\u\ c 4,g < C(\Lu,c,{u)\ c o,[)^ + \u\ c o,d) (34) 

for all u G Cy (Aj/r). Hence it is enough to obtain a contradiction from the assumption that the 
estimate |uLo,/3 < C\L\j c(u)\ n o,p is false. In other words, suppose that there are sequences of: 

°7 °7-4 

• scale parameters e% — > and corresponding complex numbers Q — ► 1 

• approximate solutions Aj := Ajjq 

• linear operators Li := Luq 

• weight functions p-i := p £i 

. Banach spaces X t := [C^(A<) D Q^] s?/m and Z< := [(^(A;) n <2^ m 

• functions Uj G Xj satisfying |iijLo,/3 = 1 and lim iLAu^l^o^ = 0. 

°7 i^OO °7-4 

Now let pi G Aj be a point where Ui(pi)[pi(pi)] _7 = 1. There are two cases to consider. 

Case 1: The non-concentrating case. 

Let S R := S \ [B R {px) U B R (p 2 )} and Sq := So \ {pi,P2} where pi,p 2 are the gluing points 
of So. Suppose without loss of generality that pi converges to some point p G Sr for some non- 
zero radius R. By the estimate (|34|) and the Arzela-Ascoli theorem, there is a subsequence of 
m converging to a non-zero function u R G C^{S R ). It is now possible to pass to a further 
subsequence and obtain convergence to a non-zero function u* G Cj(Sq). This function satisfies 
As(Ag + 2(n + l))(u*) = on Sq, where Ag is the Laplacian of the standard sphere. Since 
7 — 2 G (2 — n,0), then (A<j + 2(n + l))(it*) is actually smooth and thus must be constant. Since 
7 G (4 — n, 0) C (2 — n, 0), then u* is also smooth and consequently must be a linear combination of 
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the functions in the list (|30p . But the orthogonality and symmetry conditions that u* must satisfy 
as a limit of functions Ui G Xj rules this out, as can be seen by allowing e$ —* in Lemma [321 

Case 2: The case where concentration occurs. 

Suppose without loss of generality that pi converges to the gluing point p\ G So- Consequently 
Pi eventually enters a Legendrian normal neighbourhood containing the neck region connecting So 
to its neighbour at p\. One can thus use the Legendrian normal coordinates and the Legendrian 
Lawlor embedding to write pi as a point (Aj,/Xj) 6Mx S n_1 and to consider Uj G Cy (R x S n_1 ). 
The norm on this space is a weighted norm, where the weight function is p(\) := eyl + A 2 . Up to 
subsequences, there are now two possibilities: either (Xi,fJ,i) — ► (A, //) or else A» — ► oo. Each of these 
possibilities will be ruled out in turn. In the first of these possibilities, the estimate (|34|) and the 
Arzela-Ascoli theorem on the neck itself imply that U{ has a subsequence converging to a non-zero 
function u G C , (R x S n_1 ) for any 7' > 7 and satisfying the equation Ajv(Ajv(it)) = where 
A 7v is the Laplacian of the Lawlor neck. Since 7 G (4 — n, 0), this solution is decaying at infinity. 
But given the form of the Lawlor neck metric (|18p on R x S n_1 , there can be no decaying solutions 
of this equation. In the second possibility, one can consider on a ball of constant radius about 
Aj and re-scale by a factor of e~ l to obtain a sequence of functions which possesses a subsequence 
converging to a non-zero, decaying solution of A(A(u)) = on M. n with respect to the Euclidean 
metric. Again, there are no decaying solutions of this equation. □ 

Because of the overlapping nature of the indicial roots of the bi-Laplacian, the technique above 
is not available in the lower dimensions n = 4, 3, 2. In these cases, right inverses will have to be 
constructed 'by hand' and the required estimates derived as part of the construction. Two lemmata 
are needed. The first shows that it is again only necessary to work with the simpler operator Ljj^. 
Denote the operator norm of a map between Banach spaces by || • \\ op . 

Lemma 35. Suppose Ljj^ : X — > Z possesses a right inverse 1Z : Z — > X satisfying the bound 
l^(/)l<7 4 >' 3 — C\f\ c o,i3 where C := C(e) is a constant depending in some way on e. If 

limsup C(e)\\Qu,c\\op < 7: 
e^o 2 

and e is sufficiently small, then Cjj^ also possesses a right inverse satisfying the same sort of bound, 
except with C replaced by 2C . 

Proof. Propose u := TZ(f + g) as the solution of the equation Cu,c,{u) = f ■ Since Cu,c, = Lu^ + Qu,c 
then g satisfies g = —Qu,(°'^(f J t~g)- The mapping Tf : Z — » Z given by Tf(g) := —Qu,i; T^(f + g) 
satisfies both 

\ T f(9i) - T f(92)\ r o,e> < C\\Qut\\op\gi - S2Uo,fl and \T f (g)\ 0,0 < C\\Qu,c\\op\f + g\ r o,() 
^7—4 7— 4 ^7—4 ^7—4 

so that Tf is a contraction mapping on -Br(O) when l/l^o.ia < R and e is sufficiently small. Therefore 

^7—4 

there is a unique fixed point gf. The desired right inverse is the map / 1— > H(f + 5/), for which the 
desired bound is clear. □ 
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The second lemma describes the kernel of the Laplacian on the Legendrian Lawlor neck. Note that 
the non-constant, bounded harmonic function in dimension n = 2 has logarithmic growth. This 
will necessitate a different proof of the construction of the right inverse in the n = 2 case. 

Lemma 36. The following facts about the kernel of the Laplacian of the Lawlor neck are true. 

• The harmonic functions of sub-linear growth are spanned by the constant function 1 and the 
function Sa(\) given in equation (|15p . 

• Suppose f = af^\X\ + OdA]" 1 ) for A » 1 and f = a~^\\\ + 0(|A| _1 ) for A < -1 in the 
coordinates of the neck, where af £ M. Then there is a linearly growing harmonic function 
which equals f up to 0(|A| _1 ) on the ends of the neck. 

Proof. By separation of variables, one expects to find 2 linearly independent harmonic functions 
depending only on A, as well as 2n linearly independent and linearly growing harmonic functions. 
The constant function 1 is clearly an example of the first kind. The procedure of Corollary [T5l or 
at least its Lagrangian analogue in C n can be used to find the remaining functions. (That is, by the 
computation of Corollary [JS] a Hamiltonian function that generates a symplectic isometry and then 
restricted to a minimal Lagrangian submanifold gives a harmonic function on the submanifold.) The 
function Sa arises in this way by considering the infinitesimal generator of dilations. The linearly 
growing functions arise in this way by considering the infinitesimal generators of translations parallel 
to one or the other of the asymptotic n-planes of the neck. Since these n-planes are transverse, 
the 2n resulting functions are linearly independent and form a basis for linear growing functions 
on each end of the neck separately. □ 

The estimates for the lower dimensions n = 4, 3, 2 can now be derived. Before beginning the 
proofs of the estimates, define the following smooth, monotone cut-off functions: 



Xext.r 



1 X £ B£ 

Interpolation x £ B r \ B r / 2 



x £ B r / 2 

Xneck,r := 1 Xext,r 

where B r is the disjoint union of balls of radius r containing the neck regions of Au t ^ as defined in 
equation (|22p . One can assume that these functions are invariant with respect to all the symmetries 
satisfied by Ajj^. 



Proposition 37. Suppose n = 4 and choose 7 £ (0, 1). Then the operator Ljj^ : X — > Z possesses 
a right inverse 1Z 
independent of e. 



a right inverse 1Z : Z — > X satisfying the bound \lZ(f)\ n A.i) < C\f\„o.i3 where C is a constant 

W C 7 -4 
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Proof. Using a contradiction argument as in the proof of Proposition [34"! one can show that Ay £ : 
[C _ 2 (A(7a) n Qolsvm —>■ Z is bijective and satisfies the estimate kt? 1^,2,^8 < CI Auc(w)\ n o,p for all 

' ' s a °7-2 °7-4 

2/3 ~ 

w G [C 7 _ 2 (A[/^) n Qo]sym where C is a constant independent of e. The reason the same argument 
works is because 7 — 2 G (—2, —1) is once again contained in the range of weights for which the 
Laplacian on Sq\{pi,P2} and on N is bijective. Moreover, the self-adjointness of Au,C implies that 
the orthogonality conditions satisfied by / are inherited by w := A^(/). Therefore it remains only 
to solve the equation (A^ + 2(n + l))(u) = w for u G (Ajj^) and w G [C^f 2 (^-U.c) H Qo]sym 
for 7 G (0,1). 

The technique that will be used to find a solution of (A^ + 2(n + l))(ti e; rf) = will be to 
patch together local solutions on the exterior regions with local solutions on the neck regions of 
Au£ to construct a good approximate solution. This process will then be iterated to yield an exact 
solution. To begin the patching process, choose four radii satisfying < r^ <C 7*4 < T2 < r\ in such 
a way that the supports of Vxext,r; do not overlap. It will also be necessary to choose r% = 0(e) 
and ri,r2,T4 small a priori but independent of e. 

Step 1: The exterior regions. Define the functions q~i := ^s=o _1 ^Is (C^) s as wei l as 



~approx 



qiXext,n and 

D 



^ M " {Js 



VJext ■= WXext,n ~ M I / w Xext, ri qi J q Ppr ° X 



1,3=1 x " S ° 

where M l i is the inverse of the matrix whose coefficients are f s qiq approx ■ This is the L 2 -projection 
of w ex t to the orthogonal complement of the space of functions spanned by gi, . . . , qn- Furthermore, 
w ext\ So is a smooth function of compact support on Sq which is, by the calculations of Lemma 
1321 orthogonal to gi L , ...,od| c . The estimate of Lemma [321 implies \w ex t\r,2,p < C\w\ r ,2,i3 

1*0 1*0 °7-2 7-2 

with C independent of e because 7 G (0,1). By £C/-invariance, it is necessary only to find the 
solution u e; rf|g o and then extend this solution by ££/-invariance to all of Au^. By the theory of the 
Laplace operator on Sq in smooth spaces, there exists a solution u ex t G C 4 '^(£o) of the equation 
(As + 2(n + l))(u) = w ex t- By considering the Taylor expansion of u ex t at the points p\ and P2, 
one can write 

u ext '■= v ext + a {Vneck,r 2 + Vneck,r 2 ) (*^) 

where a := u e ^(pi) = u ex t(j>2) (which are the same by symmetry) and v ex t G Cj^(Sq \ {pi,P2}) 
(since 7 G (0,1) and v ex t grows linearly with distance from each pi). Here rf neckr2 is a smooth, 
monotone cut-off function that equals one near pi and transitions to zero elsewhere, and equals 
Xneck,r 2 011 the region of overlap. Moreover, the estimate 

\ Vext \c$> (S o \{ Pl , P2 }) + 1°' " C \ w ^\c^Hs Q \{ Pl ,p 2 }) ^ Cr V 2 \ w ext\ c 2,P 2 

is valid for some constant C independent of e. 

At present, the function u ex t can be viewed as a function defined on Auc, \ &r for some small r. 
To extend u ex t to a function defined on all of Ajj^, first subtract a J where J is the function in the list 
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(|32p in Example 1 and or in the list f|33|) in Example 2 which is even with respect to the symmetry 
exchanging p\ and P2 and has J(pi) = 1. Note that on can write J = {j]^^ T2 + ^ ec/ t r2 ) + J where 
J G C^{S ). Then set 



J 1 



Finally, one deduces the estimate 



\Uext\ n 4,P < C\w\ r ,2,0 

°7 °7-2 



where the constant C is independent of e. 

Step 2. The neck regions. Define the function 

Wneck ■= Xneck,r 3 ( W - (Ajj^ + 2(n + ) 

and consider w raec fc as a function of compact support defined on the e-scaled Lawlor neck N £ . One 
now looks for a solution of the equation Ajv(u) = w nec k where Atv is the Laplacian of N e . Set 
7' := —2 — 7. Since w„ ec fc has compact support, then w nec k £ Cy_ 2 (iV e ) where the norm in this 
case is the weighted Holder norm on iV £ with the weight function p e (X) := ey/i + A 2 given in 
the coordinates of the Lawlor neck. By the theory of the Laplace operator on asymptotically flat 
manifolds, the operator 

A N :C 4 /(N £ )®V^C 2 /_ 2 (N £ ) 
is surjective with a two-dimensional kernel. Here V is the deficiency space given by 



J Xext,', 

\1W 



V : = span R <^ ,Xext 



,r3 I 



The reason for this is because the range (7', 7) contains rates of growth of the indicial roots of the 
Laplacian corresponding to constant functions and functions which decay like the Green's function 
at infinity, and the symmetry conditions require / to be even with respect to the transformation 
A m -A. Therefore one can find a solution in this space, and by adding a constant this solution 
has the form 

. , Xext,r3 /oc\ 
Uneck ■= Vneck + fTTo (36) 

where v nec k £ CS (N e ) and satisfies the estimates 

\v n eck\ c 4,P (N \ + e 2+y \b\ < Cr3 +27 |w„ ecik | 2 ,/3 (37) 

for some constant C independent of e. This is because w nec k is supported in the region of radius 
0{rz). Finally, extend u nec k to all of Ajj^ simply by setting 

^neck • Xneck,r/±U"neck 
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and invoking invariance with respect to the group generated by composition with (U. Finally, one 
deduces the estimate 

\u n eck\ c *,P < \v n eck\ c 4,P (Ns:) + SUp [/0 £ (A)]~ 7 \b\ |A|~ 2 

7 £ r 3 /e<\X\<r4/e 

S-2 
< C\w\ r ,2,f3 

using equation (|37|) and the estimate for \u ex t\ c i,f3 given in Step 1 along with the values of the radii 
Ti and the estimate for \w ex t\n^,0 hi terms of \w\ r ,2,(3 . 

Step 3. Estimates and convergence. Set u := u ex t + u nec k. The estimates from Step 1 and 
Step 2 show that |«L4,/3 < C\w\ r ,2,{5 . The function u should be seen as the approximate solution of 

°7 7-2 

the equation (Aug + 2(n + l))(u) = w satisfying the appropriate estimate. To justify this, it must 
be shown that IfAj/^ + 2(n + l))(u) — w\ n 2,p < \\w\ n 2,p when e is sufficiently small. If this holds, 

7-2 7-2 

then the procedure of Step 1 and Step 2 can be iterated to yield an exact solution in the limit and 
satisfying the appropriate estimate. 

A straightforward calculation shows that 

{A UA + 2(n + l))(u) - w = 2(n + l)u neck 

+ (Aj/,C - A N )(u neck ) + Xext,r 3 (Au£ ~ A S )(u ext ) 

(38) 

+ [A N 

+ Xext,r 2 ( w ~ w ext) ■ 

where [A, x]( u ) is notation for A(xu) — xA(u). The various terms in (|38|) are all small multiples 

2/3 

of \w \ n 2,0 when measured with respect to the C'_ 9 norm, but for different reasons. 

• The term on the first line is supported in the region r < r±. Thus its C"t_ 2 norm acquires the 
factor r\ so that 2(n + l)\u nec k\^2,f3 < Cr1\w\ r ,2,p . This is can be made small with a small 

°7-2 °7-2 

enough initial choice of r±. 

• In the terms on the second line, the operators Ajj^ — Ag and Ajj^ — An are uniformly small 
in the regions where their arguments are supported, as can be deduced from Proposition 1171 
Proposition [20] and Proposition [25] 

• In the term on the third line, the function u neck has been engineered to have strong decay 
in the support of V Y nec /c r , . Indeed, the estimate (|371) implies that |«necfc 1/^2,5 ,„ XK ^ < 

" L >~ 1 -2\ tiT 4 \ t> r i /2) 

C(^3/ r 4) 2+27 ) Since r^/r^ = 0(e), this quantity can be made as small as desired by choosing 
e and the v% small enough. A similar analysis holds for the bxext,r 3 \M~ 2 term in u neck - 

• The remaining term is handled by Lemma [32] and becomes small when n is small enough. 



< C 
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The arguments of the preceding paragraphs show that |(A[/,£+2(n+l))(<u) —w\ c 2,p < gl^Ua./s 

r y — 2 -7 — 2 

provided that e is chosen sufficiently small. As indicated above, this is enough to construct the 
right inverse that satisfies the desired bound. □ 

Proposition 38. Suppose n = 3 and choose 7 E (1,2). Then the operator L\j^ '■ A — > Z possesses 
a right inverse 1Z : Z — > X satisfying the bound \lZ(f) l^.s < C\f\ rt o,& where C is a constant 
independent of e. 

Proof. The strategy of this proof is similar to that of the previous proof. In fact, the proof of the 
existence of the right inverse of Ay^ : C^_ 2 (Au,c) ~* ^7-4 (-^-^c)' Doun ded above by a constant 
independent of e, still follows from an argument by contradiction as before because 7 — 2 E (—1,0) 
is in the correct range. What is different is that now the construction of the right inverse for 
Ajy^ + 2(n + 1) : (Ajj^) — > Cf_ 2 (Aj/^) has to be modified to take into account the range 
7 E (1,2). Indeed, equation (f35|) must be modified by expanding u ex t up to order two and cancelling 
the linear term in the expansion with the linearly growing functions in the kernel of As + 2(n + 1) 
on So given in the lists f|32|) or f|33|) . (One can check that under the symmetry conditions on u ex t 
there are enough such functions to accomplish this.) Then the solution procedure on the neck must 
be modified by enlarging the deficiency space to include the functions with linear growth on the 
neck as well. By Lemma ESI one can add a linear combination of these functions to eliminate the 
linearly growing term in the solution on the neck. This leads to equation (|36|) but with 0(|A| _1 ) 
terms. The estimate of the approximate solution and the convergence of the iteration leading to 
the exact solution are unchanged. □ 

The final estimate in the n = 2 case is more complicated still. This is because there is no range 
of weights for which the Laplacian on punctured manifolds is bijective when n = 2 so that one can 
no longer use a contradiction argument to derive the existence of an appropriately bounded right 

2/3 ~ 

inverse for Aj/^ : [C _ 2 (Au£)] sym — ► Z. The patching technique of the previous two propositions 
must thus be used for A^ as well as for Aj/^ + 2(n+l). And both of these tasks are complicated by 
the fact that the odd harmonic function depending only on the neck coordinate A has logarithmic 
growth. This fact makes it necessary to exploit the symmetries of Ajj^ even further. 

Proposition 39. Suppose n = 2 and choose 7 E (1,2). Then the operator Ly^ : X — » Z possesses 
a right inverse 1Z : Z — > X satisfying the bound YR(f)\ r A,p < Ce 7_2 |/| „a,p where C is a constant 
independent of e. 

2/3 ~ 

Proof. The proof has two parts: the construction of a right inverse for A(/^ : [C s (Ajj^)] sym — ► 
[C°/ 2 (Au, c )] sym with 5 E (-1,0) and one for A UjC + 6 : [C^ (A Ut( )] sym -» [C^ 2 (A U)C )} 

sym with 

7 E (1)2). Begin with the first of these constructions, in which the equation Aj/r(u;) = / for 
/ £ [Cgf 2 (Au^)] sym will be solved according to the following four steps. The condition Jj^ / = 
which is built into the space [Cg_ 2 {Au^)] S y m will be used in a critical way below. 
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Step 0. Re-balancing the mass of /. It will first be shown that one can find a solution of 
the equation Au^(w) = f trans where f trans is some function that coincides with / in an annular 
region around each of the gluing points. Then one will be able to complete the construction of 
the right inverse by finding local solutions on the neck and on the exterior regions of the equation 
Atj^(w) = f — f trans, which has the advantage that / — f trans vanishes in the annular region. The 
usefulness of this will become apparent in Step 3, where it provides the additional precision required 
to match the local solutions properly. 

To begin, consider the gluing points pi,P2 £ Sq. For any pair of radii <C tq < let Xtrans,ro,r4 
be a smooth, monotone cut-off function that equals one in Pert £ (So) n [(J fc B ri (p k ) \ B TQ (p k )\ and 
transitions to zero in Pert £ (So) n [\J k B2r 4 (pk) \ B ro /2{pk)] ■ Fix two such radii and define 

f trans ■ — fXtrans,ro,r4, • 

An approximate solution of the equation Au^(u) = f trans can be found as follows. View f trans 
as a symmetric function defined on Sq carrying a small perturbation of the standard metric, and 
consider the equation Ag(tt) = f trans on Sq. By the theory of the Laplacian on punctured manifolds, 
5 £ (—1,0) is in the range where Ag : C^^Sq) — ► C$_ 2 {Sq) is surjective. Let wtrans £ C<j (Sq) be 
a solution of this equation and extend it to all of Ar;^ by setting 

Wtrans := X trans ,ro/4,4r4^ 'trans 

and extending by symmetry. Now compute 

A[/,c(w trans) = (A[/^ - As)(w tr ans) + [Ag, Xirans,r /4,4r 4 ] (wtrans ) + f trans ■ (39) 

The following estimates are valid. First, 

\wtrans \ C 2,P < C\f\ c o,/3 and |[Ag, Xtrans,r /4,Ar4\(wtrans)\ c 0,l3 < C\f\ c o,0 



for a constant C independent of e; and as usual, the first term in (|39p is small, satisfying 

( e 2n \ 1 

provided e and r4 are small enough and tq > ke for n sufficiently large. This follows from Propo- 
sition [TTJ As a result, the procedure above can be iterated to yield a solution of the equation 



(Wtrans) = f, 



trans 



where f trans ■= f trans + E trans and Etrans has support outside of Pert £ (S ) n [(J*. B r4 (p k ) \B ro (p k )] . 
One has the estimates l^transU 2 .. 8 + \Etrans\ n o,i3 < C\f\ n o,p for a constant C independent of e. 
Note that it is necessarily the case that ^ f trans = 0. 
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Step 1. The neck regions. The outcome of Step is that it is now only necessary to solve 
the equation A^u) = / where f := f - f trans vanishes in Pert e (S ) n [\J k B Ti (p k ) \ B ro (p k )] and 
satisfies |/| c o,/3 < C\f\ c o,p . Note that it is necessarily the case that ffc U( f = 0. 

Choose ri < r2 < r3 G (^0,^4) and set f nec k '■= Xnecfe.n/- An approximate solution of the 
equation Au^{w) = fneck w iU now be found. To this end, view f nec k as a function of compact 

2 3 

support on the e-scaled neck N e and look for a solution of the equation An(w) = fneck in C s , ■ (N e ) 
where 6' S (—1,5). The purpose is to use the compactness of the support of fneck to squeeze 
some extra decay at the ends of the neck out of the solution. The decomposition results used in 
Proposition [37] are valid and by using the symmetry of fneck, there is a solution of the form 

Wneck := "Vneck O j \ext,riI J 

where v ne ck S C?,'^(iV e ) satisfies the estimate \v ne ck U, (N s < Crt 5 ' l/U* and L(A) := log(|A|) + 

S f ' £ ^ 5—2 

L(A) belongs to the kernel of A^r, with L(X) = 0(|A| _1 ). The coefficient a can be found explicitly: 

1 

a = 1~ 



fneckdVolN 



by direct computation, where dVol^ is the volume form of the metric on N £ . Finally, extend this 
solution to all of by defining w ne ck '■= Xneck,r 2 w neck and extending by symmetry. One has the 
estimate \w n eck\ n ^,p < C(r?~ 5 + e s ) \fneck\ n i,p where e s comes from the estimate Id < Ce 5 |/Lo,/3 . 

C'c V / C-r_ C'r_r ) 



Step 2. The exterior regions. Set f ex t := Xextrzf- An approximate solution of the equation 
A[/f (to) = fext will now be found. To this end, view f ex t as a function of compact support on Sq 

2 3 

and look for a solution of the equation As(w) = fneck in CJ^(Sq). The decomposition results used 
in Proposition [37] are valid and by using the symmetry of fneck, there is a solution of the form 

Wext := V ex t + CL Xneck,r-iL 

where v ne ck £ C^'f (£0) satisfies the estimate \v n eck\ c 2,P( So ^ < Crg 5 |/| c o,/3 and L' has logarithmic 
growth near p\ and p2- Without loss of generality, one can assume that L'(X) := log ( | A | ) + L'(X) 
with L'(X) = 0(|A| _1 ) in the common A-coordinate on the region of overlap between the neck and 
Pert e (So). The coefficient a' can again be found explicitly: 



a' = --^ J fextdVols 



by direct computation, where Vols is the volume form of the standard metric on Sq. Finally, extend 
this solution to all of Au^ by defining w ex t := Xext,r 2 w ext and extending by symmetry. One has the 
estimate \w e vt\ C 2,P < C(r% s + £ & ) \fext\ c ^P ■ 

5 5 — 2 

Step 3. Estimates and convergence. Set w := w nec k + w ex t and consider w as the approximate 
solution of the equation A\j^(w) = f. Before justifying this, it is straightforward to show that 



f fneckdVol + [ fneck (dVol N - dVol) =A + 0(rg+^ 
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a! = - I fextdVol - I f ext (dVol s - dVol) =A + 0(e 2 ) 
where A := J^ U( fneck and J\ U( fext = —A. Now perform the computation 
A u,((w) ~ f = i A u,c ~ Aat) {w neck ) + (A UjC - A s ) (w ext ) 

+ [Xneck,r 2 , A-N](w nec k) + [Xext,r 2 i As] ( w ext ) 
Xneck,r2 fneck Xext,r 2 fext f 

= (Au£ - A N )(w neck ) + (Au^ - A s )(w ext ) 

+ [Xneck,r 2 ^N]{v n eck) — [Xneck,r 2 i ^s]{Vext) , s 

(40) 

+ [Xneck,r 2 ,A N ](aL) - [Xneck,r 2 , A S ] (a L ) 

+ [Xneck,r 2 ,A N - A S ] (alog(| A|)) - [Xneck,r 2 , A S ] ((a' - a) log(|A|)) 

using the formulae for a and a' as well as the fact that / vanishes between radii r% and r$. The 
usual analysis can now be invoked to show that each term in (|40p is small a small enough multiple 
of |/| c o,/3 in the C®_ 2 norm by suitable a priori choice of r*j and small enough e. 

5—2 

The conclusion to be drawn from the work above is that iteration produces a solution of the 
equation Ajj^(w) = f satisfying the estimate l^l^,^ < Ce s \f\ G o,0 where C is a constant indepen- 



5 



dent of e. Coupled with the result of Step 0, one now has a right inverse 1Z\ : [Cg_ 2 (Au^)] sym 



[C^(Au^)] sym satisfying the bound |7^i(/)L 2 ,/3 < Ce d \f\ c ,o, 



n u,0 ■ 
°<5-2 



It remains to construct the right inverse for Ajj^ + 6 : [C^ (Au,c)]sym — > [C^ 2 (Ai/^)] sym with 

7 G (1,2). This task is simpler given the range for 7 and the fact that the L 1 norm of a C^_ 2 

2 3 

function in the neck region is a small multiple of the C 7 _ 2 norm of the function provided the neck 
region is sufficiently small. In fact, the procedure of Proposition [38] can be used almost verbatim, 
except replacing w* with where * refers to either neck or ext and _L refers to the L 2 -projection 
perpendicular to the constant functions. Thus logarithmic terms will not appear in the solutions 
u*. The discrepancy |u>* — wz~\ n 2,0 is sufficiently small not to spoil the convergence of the iteration. 

The result of this analysis is a right inverse Hi : [C^_ 2 (Au^)] sym — ► [C7 (Aux)]sym satisfying the 
bound YR-2(w)\ n i,i3 < C\w\ n 2,0 . □ 

°7 7-2 

7 The Non-Linear Analysis 
7.1 The Non-Linear Estimates 

The remainder of the proof of the Main Theorem is devoted to establishing the final two fundamental 
estimates (1261) and (1271) needed to invoke the inverse function theorem. The first of these estimates 



is the measurement of the size of $[/ )( j(0) in the C°_ 4 norm. The second of these is the measurement 
of the variation in D${/^(/) in the rf_ 4 norm as / varies. Choose 7 S (4 — n, 0) for n > 5 as well 
as 7 G (4 — n, 5 — n) for n = 4, 3 and 7 G (1, 2) for n = 2. 
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Proposition 40. The approximate solution Au£ satisfies the following estimate. There exists some 
constant C independent of e so that 

\\®udm c °>? 4i A ux) < Crt 1 ■ (41) 
Proof. By Proposition [T7J the divergence of the mean curvature in the exterior region A' satisfies 

x G A" 

6ist(x,pi) = r and r > r e . 



[p £ (x)] 4 ^|V • H(x)\ < < 



Ce 3n 
Ce 3r < 



V y.3n— 2+7 

By Proposition [25] the divergence of the mean curvature in the neck region M satisfies 

1 



e 4 - 7 (l + A 2 ) (4 - 7)/2 |V-#(A,/i)| <Ce 



.4—7 



+ (1 + A 2 ) 2 



for |A| < r £ /e . 



(1 + _\2)(n-4+ 7 )/2 

By Proposition [27] the divergence of the mean curvature in the transition region T satisfies 



- 4 ~W- H\ < C 



£ + r 4 "7 

n-3+7 ~ £ 



The desired supremum estimate is obtained by taking the supremum above and using the ranges 
for 7 and the fact that e < r £ . The estimate of the Holder coefficient follows similarly. □ 

Proposition 41. The linearization of the contact- stationary Legendrian operator near Ajj^ satisfies 
the following estimate. If e is sufficiently small, then there is a constant C independent of e so that 



D*£,, c (/)(u) - Cu >c {u)\\ c o,, < c^+i/iUHMU^ 



7-4 



(42) 



for all u,f e^(A[/ iC ). 



Proof. The desired estimate will be proved using scaling arguments as in (3] [21]. By compactness, 
the estimate is certainly true in the region A' of Aj/f. So consider a small annular region A a := 
A a C\ (A^UT) in A[/f. It is sufficient to perform the calculations for the Lagrangian projection [A a ] 
in CP n . Consider the operator 



M/) :=V- [Hr 



)[A CT l JCi;o 



(43) 



where E (T (f) is the extension of a function / : A a — > M to a tubular neighbourhood of [A CT ] and 
( t ) E tT {f) is the associated time-one Hamiltonian flow. 

The next step is to determine how all the objects in (|43l) scale with <r. First, [A a ] = cr[A\] where 
Ai = A\ n<7 _1 (.A/'U7~). Moreover, [Ai] is some Lagrangian submanifold whose geometry is bounded 
by a universal constant since the norm of the second fundamental form of [A CT ] in the annulus A a 
is 0(a^ 1 ). Suppose that [Ai] carries the metric g\ so that [A CT ] carries the metric g a = <J 2 g±. Since 
Ea(f) = / oex PA^ near ^■ <T ' then one can check that <Ae<,(/)(IA<t]) = a^ El rf / a 2^([Ai\). Consequently, 



Mf)=V-[H{<r<i>E 1 (f/ *)QAi]))-iuo 
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a- 



/ 



(44) 



using the scaling property of the mean curvature and the covariant derivative under conformal 
transformation. All quantities on the right hand side of (|44p refer to the metric g\. 

One can now derive the desired estimate. Equation (|44p implies that the linearization of $> a in 
A a must satisfy 

|D$ CT (/)(«)-D$ CT (0)(n) 

^^ll/llc*(Ai)Ht7*(Ai) (45) 

where C is some universal constant pertaining to <3?i on Ai. Multiplying by cr 4-7 and reversing the 
scaling in equation (f4"5j) gives 

||D<M/)(«) ~ D ^(0)(«)||^_ 4 (A CT ) ^ C^ 2+7 H/llc74(A CT ) ll«llq ( A CT ) , (46) 

where all quantities in (|46p refer to the metric g a . One can now piece the above estimates together 
for different A a , using the fact that the smallest a can be is 0(e) in the centre of the neck region, and 
obtain the desired supremum estimate. The estimate of the Holder coefficient follows similarly. □ 

7.2 The Proof of the Main Theorem 

The three fundamental estimates needed to invoke the inverse function theorem for <&uc when k is 
sufficiently large and e := is sufficiently small have now been established and the proof of the 
Main Theorem is at hand. The theorem is re-formulated here in the more technical language of 
the preceding sections. Its proof is a re-organization and summary of all the results above. 

Theorem 42. Let U G SU(n + 1) be as in Example 1 or Example 2 and let £ = e 2m / k be such that 
it is possible to construct an approximate solution Ay £ as in Section 0. Let X, Z be the Banach 
subspace of functions on A-u,G defined in Definition \31\ Choose 7 G (4 — n, 0) for n > 5 as well as 
7 G (4 — n, 5 — n) for n = 4, 3 and 7 G (1, 2) for n = 2. Set r £ := e s . Then there is s £ (0, 1) so 
that a solution of the contact- stationary Legendrian equation <&u,((f) = can be found with f £ X 
satisfying the bound |/| c 4,^ < Cr 4-7 . 

Proof. To prove this theorem by means of the Banach space inverse function theorem and the 
analysis contained within this paper, it is necessary to establish the following facts. First, one must 
show that limsup e C(e)[|Qt/,c[|op < 1/2 where ||Qc,C II op ^ s ^ ne operator norm of Qu,c calculated in 
Lemma [33] and C(e) is the upper bound for the right inverse of Cjj,^ found in Section HT21 Since 
|$[/c(0)lr ' 9 = 0(r 4-7 ) found in Proposition [JO] and R(e) = 0(e 2-7 ) found in Proposition [HJ one 
must then show that r 4_7 e 7_2 C(e) can be made as small as desired, where C(e) is the upper bound 
for the right inverse of found in Section 16.21 

• When n > 3 then C(e) = 0(1) and 

lim HQt/cll < C ■ lim(e n - sin - 2) + e 2 + e* s ) =0 
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provided s < n/(n - 2). Also, rt 1 e i ~ 2 = £ ( 4 -t)s+7-2 when s > ( 2 _ 7 )/(4 _ 7 ). By 
choice of 7 and n, the range of such s£ (0, 1) is non-empty and thus the theorem is true. 

• When n = 2 then C(e) = 0(e 7 ~ 2 ) and 

lim C(e) II c II < C ■ lim (e 2 + e 4s ) e 1 ' 2 = 

provided s > (2 - 7 )/4. Also, r^e 7 " 2 = e (4-7)s+7-2 _> when s > (4 _ 2 7 )/(4 - 7). By 
choice of 7 the range of such s S (0, 1) is non-empty and thus the theorem is true. 
This completes the proof of the theorem. □ 

7.3 Embeddedness of the Solutions 

Denote the solution of the contact-stationary Legendrian problem constructed from U 6 SU(n+ 1) 
with £ = e 2m / k in the previous sections by fk- Let cf>f be the contact deformation constructed from 
fk using the method developed in Section [5]3j A simple chain of reasoning shows that the deformed 
submanifold 4>f k (Ajj^) is embedded whenever Ajj^ itself is, so long as k is sufficiently large. 

Suppose that A{/£ is embedded in S 2n+1 . Then A{/£ is contained in some non-self-intersecting 
tubular neighbourhood of itself. The width of this tubular neighbourhood is clearly larger in the 
parts of that are subsets of some U s (Sq) and smaller in the neck regions of Ajj£. In fact, one 
can argue based on scaling that the width of the tubular neighbourhood at a point p £ Ajj^ is 
0(p £ (p)) where p e is the weight function from Definition [28] that is used to define the C 7 norm. 
The question of embeddedness can now be re-phrased in terms of this tubular neighbourhood: 
4>f k (Ajj^) fails to be embedded if either 4>f k (Au^) has local self-intersection somewhere within the 
tubular neighbourhood, or else 4>f k (Au^) intersects itself by leaving the tubular neighbourhood 
somewhere and re-entering it somewhere else. 

In order to decide if <pf k (Ajj^) intersects itself in one of these two ways, one must understand how 
'far' the contact deformation cf)f k can move the points of Ajj^. Recall that <pf k is the time-one flow 
of the contact vector field corresponding to the function E( fk) that is an extension of fj~ orthogonal 
to A[f£. Thus the distance of <pf k {p) from p is governed by the size of this vector field, which in 
turn is governed by the size of fk (in the Hopf direction) and the first derivative of fk (in contact 
directions) so long as these quantities are sufficiently small. Moreover, 4>f k {Au^) remains graphical 
over Ajj^ so long as the derivative of 4>f k remains sufficiently small, which in turn requires that fk 
is small up to its second derivative. In fact, it is necessary to have |/fe(x)| + \Vfk(x)\ = 0(p e (x)) 
and |V 2 /fc(x)| < O(l) for all x £ Ajjc- It is now a simple matter to verify that the estimates of 
the size of fk and its derivatives from Theorem d2] imply that the requirements for embeddedness 
are met according to the remark following Definition 1301 In summary, the above chain of reasoning 
leads to the following result. 

Proposition 43. Let fk '■ Ajjc be the solution of the equation $uc(fk) = 0> where £ = e 27rl//fc , 
that was constructed in Theorem\4S\ If Ajj^ is an embedded submanifold ofS 2n+1 then the deformed 
submanifold <j)f k {Au^) is embedded for all sufficiently large k. 
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